Very Short Answer Questions (PYQ)

[1 Mark]
Q.1. If f: R — Ris given by f(x)=(3=x3)8 then determine f (f (x)).

AnNs.

1

We have, f(z)=(3- %) =£ {(3- zﬂﬁ}: [3 - {3~ mﬂ)%}T
=[3- (3 13)},_', = (x:x),} e

Q.2. Find fog(x), if f(x) = |x] and g(x) = |5x = 2|

Ans. fog (x) = f(g(x)) = f (|5x - 2]) = |5x — 2|
Q.3.Iff(x)=x+7and g(x) =x -7, x €R, then find fog (7).
Ans. fog (X) =f(g(X)) =f(x—-7)=x—-7+7=X

Therefore, fog(7) =7

Q.4. If f(x) = 27x3 and g(x) = x3, find gof(x).

Ans. Given f(x) = 27x® and g(x) = x/®
(gof)(x) = g[f(x)] = g[27x%] = [27x3]V3 = 3x

Q.5. Write fog, if f : R > R and g : R — R are given by f(x) = 8x3 and g(x) = x.
Ans. fog (x) = f (g(x))

= f(X1/3) = 8(X1/3)3 = 8x

Q.6. If R={(x ,y) : x + 2y =8} is arelation on N, write the range of R.

Ans.



Given:

z+2y—=28
= y:i.-,—z- = whenz = 6,y = 1:z =4,y = 2z = 2,y = 3.

Range = {1, 2, 3}

Q.7. Let R={(a, a%: ais a prime number less than 5} be a relation. Find the range
of R.

Ans. Here R ={(a, a%: a is a prime number less than 5}
= R={(2,8), (3, 27)}

Hence Range of R = {8, 27}

fla) = =22,

Q.8. If f(x) is an invertible function, then find the inverse of

Ans.

Let y= f(z)=22-2, then D;= Rand Ry= R

5

= S5v =3x-2 = S5v+ 2 =3x

4

—— 5y02’ ‘T_.'"I’ y E‘ R . f 1(1:): 51’;2

Q.9. If the binary operation * on the set of integers Z, is defined by a * b = a + 3b?,
then find the value of 2 * 4.

Ans.2*4=2+3x42=50

Q.10. Let * be a binary operation on N given by a* b = HCF of a, b where a, b € N.
Write the value of 22 * 4,

Ans.22*4=HCFof22,4=2

Q.11. If the binary operation * defined on Q, is defined as a*b =2a + b —ab for
all a, b € Q, then find the value of 3 * 4.



Ans.3*4=2x3+4-3x4=-2

Q.12. State the reason for the relation R in the set {1, 2, 3} given by R ={(1, 2), (2,
1)} not to be transitive.

Ans. Ris not transitive as (1, 2) € R, (2, 1) RBut (1, 1) ¢ R

[Note: A relation R in a set A is said to be transitive if (a, b) € R, (b, c) e R = (a, ¢)
ERVa,b,ceR]

Q.13. LetA={1,2,3},B={4,5,6, 7}and let f ={(1, 4), (2, 5), (3, 6)} be a function
from A to B. State whether f is one-one or not.

Ans. f is one-one because

5
iy,
\
F=
f(1)=4;
f(2)=5;
f(3)=6

i.e., no two elements of A have same f image.

Q.14. Let * be a ‘binary’ operation on N given by a*b =LCM (a, b) for all a, b € N.
Find 5*7.

Ans.5*7=LCMof5and 7 =35

Q.15. The binary operation *: RxR — Ris definedasa*b =2a+b. Find (2*3) *
4,

Ans. (2*3)*4=(2x2+3)*4=7%4
=2x7+4=18

Q.16. If the binary operation * on the set Z of integers is definedbya*b =a+ b -5,
then write the identity element for the operation in Z.

Ans. Let e € Z be required identity



a*e=-avaeZ
= ate-5=-a = e=a-a+b5 = e=5

Q.17. Let * be a binary operation, on the set of all non-zero real numbers, given
by a*b = ab/5 for all a, b € R —{0}. Find the value of x given that 2 * (x * 5) = 10.

Ans.
Given 2 * (x*5) =10
= 2¥Z22 =10 = 2*x=10
= 251':10 = I:H];ﬁ
= xX=:25
Very Short Answer Questions (OIQ)
[1 Mark]

Q.1. Check whether the relation R in the set {1, 2, 3} given by R ={(1, 2), (2, 1)} is
transitive.

Ans. No, itis not transitive because 1R2, 2R1 but 1R1, i.e., (1, 1) does not lie in R.
Q.2. Find the number of all onto functions from the set {1, 2, 3, ..., n) to itself.
Ans. Total number of all onto functions from the set {1, 2, 3, ..., n) to itself is n!.

Q.3. Let S={a, b, c}, find the total number of binary operations on S.
Ans. The number of binary operations on the set consisting n elements is n™. Here n =
3. Therefore, total number of binary operation S = (3)3°= 3°.

Q.4.1f Xand Y are two sets having 2 and 3 elements respectively then find the
number of functions from Xto Y.

Ans. Number of functions from XtoY =32=09,

Q.5. Which one of the following graph represents the function of x? Why?



y-axis y-axis

NS Q
x-axis ( x-axis
(a) (b)
Ans.
y-axis y-axis  vertical
A A Vertical \ Line
Line
/\’/\@/
X-axis X-axis
¥

(@) (b)

Graph (a) represents the function of x, because vertical line drawn in (a) meets the graph
at only one point i.e., for one x, in domain there exist only one f(x) in codomain.

Q.6. If the mapping f and g are given by f = {(1, 2), (3, 5), (4, 1)} and g ={(2, 3), (5,
1), (1, 3)], then write fog.

Ans. Obviously, domain of “fog” is domain of g i.e., {2, 5, 1}.
Now, fog (2) = f(g(2)) =f(3) =5 = fog (5) =f(g(5)) =f(1) =2

fog (1) =f(g(1)) =f3)=5 = fog={(2,5), (5, 2), (1, 5)}



Short Answer Questions-I (PYQ)

[2 Mark]

f(z) =
Q.1. What is the range of the function =g
Ans.

Given f(z)= H

(z—1) fz—1>00rz>1

Obviously, |z — 1| = { ( 1) if 1<0 1
— (- z—1<0 or z<

Now, () Vz >1, f(z)= Z—:j =1 (N Vz<l, f(z)= (f—lj} =— 1,

ie, f['x) =-1, 1

Range of f{x) = }-1, 1].

f(z)= 315 4 write f (x).

Q.2. If fis an invertible function, defined as

AnNs.

Since £~ ! is inverse of £

fof -1 = | = fof = (x) =1 (x)

= fof '(x) = x = ff-1(x)) = (x)
3 ‘ 5z 4
MDD Ea = f(a)=

Q.3.If f: R > Ris defined by f(x) = 3x + 2, define f [f(X)].
Ans. f(f(x)) =f(3x+2) =3 (3x+2) + 2

=Ox+6+2=9x+8

Short Answer Questions-I (OIQ)

[2 Mark]



Q.1. State the reason for following binary operation ‘*’, defined on the set Z of
integers, to be non-commutative a * b = ab3. Also find 2 * 3.

Ans. Since ab3#balva,bez
= a*b#b*a
Hence, *’ is not commutative.

Also,2*3=2x33=54

Q.2.If f: R — R defined by He) == is an invertible function then find f-1.
Ans.

Let f(x) =y = y= ‘214 7

= 2x - 7 =4y = 2x = 4y - e 1:4;;2.7

Hence, f !(z)= “.2'7

Q.3. Write the inverse relation corresponding to the relation R given by R =
{(x,y): x €N, x <5,y =3}. Also write the domain and range of inverse relation.

Ans.

Given,R={(X,y) : X €N, x<5,y=3}

= R={(1,3),(223),(3,3), (4 3)}

Hence, required inverse relation is
R*={3,1),(3,2),(3,3), (3, 4}
Domain of R™! = {3}

And Range of R ={1, 2, 3, 4}

Q.4. Let A ={1, 2, 3}. Write all one-one functions on A.

Ans. All one-one functions on A are as follows:

f={1, 1), (2 2), 3, 3} f2={(1, 1), (2, 3), (3, 2)}



fs={(1,2), (2,1), 3, 3)} fa={(1,3),(2,2), 3, 1)}
fs ={(1, 3), (2, 1), (3, 2)}; fe ={(1, 2), (2, 3), (3, 1)}
Q5.1ff: R—>Randg:R— Rare given by

f(x) = 3x + 1 and g(x) = x2 + 2
Find fog(2).
Ans. fog(x) = f(g(X) = f(x2 +2) = 3(x2 +2) + 1 =3x2 + 6 + 1
> fog(x) =3x2+7

fog(2) =3x 22+7=12+7=19

Q6.LetA={1,2,3},B={4,5and C={5,6}. Letf: A—->Bandg: B — Cbhe
defined as f(1) = 4, f(2) =5, f(3) =4, g(4) =5 and g(5) = 6. Find gof.

Ans. Obviously ‘gof’ function is defined as

gof : A — C such that

gof(1) = g(f(1)) =9(4) =5

gof(2) = 9(f(2)) = 9(5) = 6

gof(3) = g(f(3)) =9(4) = 5

Hence, gof : A — C is given by gof = {(1, 5), (2, 6), (3, 5)}

Q.7. Let * be the binary operation on the set {1, 2, 3, 4} defined by a*b = HCF
of aand b. Compute (2*3)*4 and 2 * (3 * 4).

Ans. (2*3)*4=(HCFof2and3)*4=(1*4)=1

2*(3*4)=2*(HCFof3and4)=2*1=1



Long Answer Questions-I (PYQ)

[4 Mark]

Q.1. Consider the binary operation * on the set {1, 2, 3, 4, 5} defined by a * b = min.
{a, b}. Write the operation table of the operation *.

Ans. Required operation table of the operation * is given as

*

gajlh|lw|N| e

R I
N[NNI N[N
W wWlw N FP|w
AR WOWINEFR DN
galh|w|N| k| o

Q.2. Show that the relation R in the set N x N defined by (a, b)R(c, d) if a2+ d?=b?
+c?Va, b,c,de€N,is an equivalence relation.



Ans.
Given, R is a relation in N x N defined by (2, b) R (¢ d) @ a* + & = b+ &

Reflexivity:
P+ b= +a*VabeN
= (a, b) R (a b) = R is reflexive
Symmetry: Let (a, b)R(c, d)
cy % D = e s I - Exbleds P
= (¢ d) R (a, b) = R is symmetric

Transitivity: Let (a, b) R (¢, d) and (¢ d) R (e f)

y > ) » 2 A ) > y > 3 ) - 2 > 3 )
= a+d =b"+candc+f~=d + ¢ =2 F+dyc+fo=bC+c+d+e
Y 9 Y y y A 4
= A+ f =b"+ ¢ = (ab)R(qf)
= R 1s transitive.

Hence, R is an equivalence relation.
[6 Mark]

Q.1. Consider f: R+ — [-9, «] given by f(x) = 5x2 + 6x — 9. Prove that f is invertible
5415y - 3
f )= (—‘/ & )

with
Ans.



To prove fis invertible, it is sufficient to prove fis one—one onto
< =% .
Here, H(x)=5x"+6x-9

One-one: Let x;, x; € R,, then

f(z1)=f(z2) = 52,2+ 6z, — 9=>5z,2+6zy — 9
= 5z,2+ 6z, — 5z,2 — 623 =0 — 5(z,2 - z,2)+6(z; — 2)=0
= 5(z1 — z2)(z1 +22) +6(z1 — 22)=0 = (zy — z2)(5z1 +5z9 +6) =10
= z—22=0 [ Bzy+5zs+6#0]
= I =T

Le, fis one-one function.

Onto: Let f(x) = y

y=>5z>+6z- 9 = 522 +6x - (9+y)=0
6+/3614x5(9+y) :
— = le . =¥ z:iTJ@
A
= z:#w = I=~,54+5y3 [:: =€ R,]

Obviously, V y € -9, ®| the value of x € K,

= fis onto function.

Hence, fis one-one onto function, fe, invertible.
Also, fis invertible with

=T

Q.2. Let A=R-{3}and B = R - {1}. Consider the function f : A — B defined
, f@)=(=3)

b . Show that f is one-one and onto and hence find 1.

Ans.



One-one:
Let i X EA

Now, f(x) =1f(x)

z, -2 3 -2 : 7 o Nt ——
= X -3x-20+6=x1%-2x-3x+6 = -3x; - 2x =-2x; - 3xy
=5 - =-X o Xp=X3

Hence, fis one-one function.

Onto:
. z-2 . :
Let Yy=—v = xy-3y=x-2
= Xy-x=3y-2 = \()—I)=3_V—7
Jy - 2 .
= z=—=—3 (1)

From above it is obvious that V y except 1, ie,V y€ B=R- |I{3 x€ A

Hence, fis onto function.

Thus, fis one-one onto function.

If £~1 is inverse function of fthen f ~1(y)= 22 [from ()]
y-1

"T“, ifnis odd

, ifnis even )
for all n € N. Find whether

|3

Q.3. Letf: N — N bedefined by f(n)=
the function f is bijective.

Ans.



» i . 211 ifnis odd
Given f: N — N defined such that f(n)= A
, ifnis even

2] 2

Let x, y € N and let they are odd then

flz)=fly) = =% = z=y

If x, v € N are both even then also

flz)=f(y)= 3

-.; = =y

If x, y € N are such that x is odd and y is even then

flz)=2 and f(y) =%

hus, x # y for f(x) = £(y)

letx=6and y=5

We get f(6) =5 =3,f(5) =2~ =3

f(x) = f(y) butx# y

So, f{x) is not one-one.

Hence, f{x) is not bijective.
Q.4. Consider the binary operations *: RxR —->Rand 0: R xR — R defined

asa*b=|a-Db|and aob =afor all a, b € R. Show that **’ is commutative but not
associative, ‘0’ is associative but not commutative.

Ans.



For operation **'
“:RxR— Rsuchthata*b=|a-bVab€eER
Commutativity:
Vab€Ra*b=|a-b=|b-a=b*a
LE; “*’ is commutative
Associativity:
VabcER (a*b)*c=|a-b*c=|a-b-(

and a * (b*‘c) =a"‘|b-cj= |a-|b-q|

But la= b -q#Ja-|b-d|

= (a*b)y*c#a* (b*c)

= * is not associative.

Hence, “*' is commutative but not associative.



For Operation ‘o’

0: R x R— Rsuch that aoh = a

Commutativity:

¥ a b€ KR aob=aand boa =b v azb = aob# boa
= ‘0’ is not commutative.

Associativity:

V a b c€ R, (aob) oc=aoc=a

= ao(boc) = aob = a =  (aob) oc = ao (boc)
= ‘0 is associative

Hence ‘0’ is not commutative but associative.

Q.5. Iff,g: R— R be two functions defined as f(x) = |x|] +xand g(x) = |x| =X,
Vv x € R. Then find fog and gof. Hence find fog (-3), fog(5) and gof (-2).

AnNs.



Here, f(x) = |x| + x can be written as

22 if z>0
f(z)_{o sk wan

And g(x) = |x| - x, can be written as

0 if z>0

g(z):{-zz it aen

Therefore, gofis defined as

For x 2 0, gof(x) = g(f(x)) = gof (x) =g(2x) =0
and for x < 0, gof(x) = g(f(x)) = g(0) =0

Hence, gof (x) =0V x€ R

Again, fog is defined as

For x 2 0, fog(x) = f(g(x)) = f(0) =0

and for x < 0, fog(x) = f(g(x)) = f(-2x) = 2(-2x) = - 4x

Hence,

2nd part
fog(5) =0 [ 520|
fog(-3) =-4x(-3)=12 [+ -3 <0]
gof(~2) = 0

Q.6. Show that the relation Rontheset A={x€Z:0=<x<12}, given by R ={(a, b)
: |a—b]| is a multiple of 4} is an equivalence relation.

Ans.



We have the given relation

R =i(a b) :|a- bl is a multiple of 4{, where 3, bE Aand A= }x€ Z:0=xs12{ =10, 1,2, ..,

We discuss the following properties of relation R on set A.
Reflexivity: For any a € A we have

la - al = 0, which is multiple of 4

(2 a) ERforallae R

So, R is reflexive.

Symmetry: Let (a, b) € R

= fa — b is divisible by 4 = la- b = 4k [Where k € Z]
= a-b=14k = b-a= F 4k
= |b - al= 4k = |b - a] is divisible by 4

= (b-a) ER

So, Ris Symmetric

12{.



Transitivity: Let a, b, ¢ € A such that (a, b) € Rand (b, ¢) € R

= la — b is multiple of 4 and |b - ¢| is multiple of 4.
= la— b =4m and |b-c=4nmneN
= a-b=14m and |a- ¢ =x4n

(a-b)+(b-c)=%4(m+ n)

= a-c=x4(m+ n) = a-q=4(m+ n)
= |a — ¢ is a multiple of 4 = (ac) ER
Thus, (a, b) € Rand (b,c) ER = (a¢c) ER

So, R is transitive.

Hence, R is an equivalence relation.

Q.7. Let Ndenote the set of all natural numbers and R be the relation
on N x Ndefined by (a,b)R(c,d) ifad(b+c) =bc(a+d). Show thatRis an
equivalence relation.

Ans.



Here R is a relation defined as
R={|a b), (¢ d)|:ad(b+c)=bc(a+d)
Reflexivity: By commutative law under addition and multiplication
b+a=a+bVabeN
ab=baV a bEN
ab(b+a) = ba(a+ b) VabeN
(a b) R (a b) Hence, R is reflexive
Symmetry: Let (a b) R (¢ d)
(a b) R (¢ d) = ad(b+ c) = be(a + d)
=  be(a+d) =ad(b+c)
=  cb(d+a) = da(c+b)
|By commutative law under addition and multiplication|

= (ad) R (a. b)



Hence, K is symmetric.
Transitivity: Let (a, b) R (¢ d) and (¢ d) R (¢ f)
Now, (a b) R (¢, d) and (¢ d) R (¢ f)

= ad(b + ¢) = be(a+ d) and cf(d + e) = de(c + f)

bte __ aid die _ ctf
= T = rap A =
s B I {3 s E T
Adding both, we get
S TR (s [, (R, S
= ?'f'z‘*?'*’?—g'*‘a_+7+?
1 L __ 1 1 _, etb __ fia
= R e e Ml
=5 af(b+e)=be(a+f) = (ab)R(e,f) lc, d# 0]

Hence, K is transitive.

In this way, R is reflexive, symmetric and transitive.
Therefore, R is an equivalence relation.

Q.8. Consider f: R+ — [4, »] given by f(x) = x2 + 4. Show that f is invertible with the
1/, e T |

inverse (f-1) of f given by fiy)=vy-4

negative real numbers.

., where R+is the set of all non-

AnNs.



One-one: Let x;, x; € R (Domain)

fix))=fx) = x +4=x"+4

= X=X |+ X1, X; are +ve real number|
Hence, fis one-one function.
Onto: Let y € |4, @) such that
y=f{x) VXER, (set of non-negative reals)
= y=x+4
= z=,/y- 4 [+ x is + ve real number]|
Obviously, ¥ y € |4, @), x is real number ER (domain)
i.e, all elements of codomain have pre image in domain.
= fis onto.

Hence, fis invertible being one-one onto.

Inverse function: If £~! is inverse of £ then

fof 7' = I (Identity function)
= fof ' (y) =yV y €[4, %)
= t'(f“(y)) =y
= (f"(y_))z +4=y [ f(x) = N 4]
= fly=\v-14

Therefore, required inverse function is f “[4, ®) — R defined by

f Yy)=+vvy-4 Yye[4, 00)



Q.9. Determine whether the relation R defined on the set R of all real numbers
asR={(a b):a,beRanda-b+3-V €S, where Sis the set of all irrational
numbers}, is reflexive, symmetric and transitive.

Ans.

Here, relation R defined on the set R is given as
R={(ab):abeERanda-b++3€S
Reflexivity: Let a € R (set of real numbers)
Now, (a3, a) ERasa-a++/3=43€S
Le, R is reflexive e ()
Symmetric: Let a, b € R (set of real numbers)
leta bER = a-b++/3€S (Set of irrational numbers)
= b-a++43€S
= (ba)ER

Le, R is symmetric e Y

Transitivity: Let a, b, c € R

Now (2, b) € Rand (b,c) ER = a-b++3E€Sandb-c+ V3eES
=S a-b+AB3+b-c+3ES
= (ac)€ER

ie, R is transitive ... (ddd)

(f), (i) and (iif) = Ris reflexive, symmetric and transitive.

o |R‘ {%—} defined as f(z): 4743

Q.10. Show that the function fin - 6z 4 js one-one

and onto. Hence, find f 1.

Ans.



One-one: Let x1, x; € A

- , - 47,43 __ 4z343
Now ;f('rl) il f((l?g) = 6z, 4 6z3 4
= 24z,75 + 18z5 — 162, — 12 = 24z, 75 + 18z, — 1625 — 12

$"34$1:*34$2 = T, =Ty

Hence, fis one-one function.

Onto:

Let y:_sf‘:: = 6xy — dy=4z+3

= bxy-4z=4y+3 = z(6y— 4)=4y+3
_ 4ytd

= T= ey

= VYyé€ codomain Jr € domain [ z # 2| = is onto function .
7 3
Thus, fis one-one onto function.

Also, f (z)= E%

Q.11. Let T be the set of all triangles in a plane with R as relation in T given by R =
{(T1, T2) : T1 = T2}. Show that R is an equivalence relation.

Ans. We have the relation, R = {(T1, T2) : T1 = T2}
Reflexivity: As Each triangle is congruent to itself,
i.e., Ti1=T2 VT1eT
Thus, R is reflexive.
Symmetry: Let T1, T2 € T, such that

(T1, T2) ER = Ti=T2

To=T1 = (T2, T1)) R

i.e., R is symmetric.
Transitivity: Let T1, T2, T3 € T, such that (T1, T2) € R and (T2, T3) € R
= Ti=T2 and T2=Ts

= T1=Ts = (T, T3) ER



i.e., R is transitive.
Hence, R is an equivalence relation.

Q.12. Letf: W — W, be defined as f(x) =x -1, if xis odd and f(x) =x + 1, if X is
even. Show that f is invertible. Find the inverse of f, where W is the set of all
whole numbers.

Ans. One-one:

Case | When xi, x2 are even number
Now, f(x1) =f(x2) = xa+l=x2+1 = X1=X2
i.e., fis one-one.

Case Il When x1, x2 are odd number
Now, f(x1) =f(x2) = x1i—-1=x2-1 = xi1=x2
l.e., fis one-one.

Case Il When x1 is odd and, xz is even number
Then, x1 # x2. Also, in this case f(x1) is even and f(x2) is odd and so
f(x1) # f(x2)
e.x1#x2 = f(x1)# f(x2)
i.e., fis one-one.

Case IV When x1 is even and, xz is odd number
Similar as Case lll, we can prove f is one-one.

Onto:

1, ifzisodd

T
z+1, ifziseven

Given, f(z)= {

= For every even number ‘y’ of codomain 3 odd number y + 1 in domain and for every
odd number y of codomain there exists even number y — 1 in domain.

i.e. fis onto function. Hence, f is one-one onto i.e., invertible function.



Inverse:

Letf(x) =y

Now,y=x+1=>x=y-1
And,y=x-1=x=y+1

Therefore, required inverse function is given by

z+1, ifzisodd

xz— 1, ifziseven

f)={

Q.13. If the function f: R — R be defined by f(x) =2x -3 and g : R — R by g(x)
=x3 + 5, then find the value of (fog)™ (x).
Ans. Here f: R —- R and g: R — R be two functions such that

fx)=2x—-3 and g(x)=x3+5

f and g both are bijective (one-one onto) function.
= fog is also bijective function.
= fog is invertible function.
Now, fog(x) = f {(g(x)} = fog(x) =f(x3+5)
= fogx) =2(x®*+5)-3 = fog(x)=2x3+10-3
=  fog(x)=2x3+7 ()

For inverse of fog (x)

Let fog(z)=vy = z =fog ' (y)
(i) = y=2+7 = 22° =y- 7
= J:l:_y_j_z == &= (%—7)?



Q.14. Let f : N — R be a function defined as f(x) = 4x2 + 12x + 15.
Show that f : N — S is invertible, where S is the range of f. Hence, find inverse of f.
Ans.

Let y € & then y = 4x~ + 12x + 15, for some x € N

) ’ [ 3
= y=(2z+3P+6 = m:(\_yﬁ_)_? as y=>6

Let ¢:5 — N is defined by g(y) = E‘#

V2z13f -3
)

gof (z) =g(4a® + 12z +15) = g((2z + 3> +6) =

=

5
5 [ L 2 _G 2/ 4
and fog(y):f(%):l% +.3] +6=1y

Hence, fog (y) = Is and gof (x) = Iy
fis invertible, f ' = g

Q.15. Let Z be the set of all integers and R be relation on Z defined as R ={(a, b)
:a, b €Zand is divisible by 5}. Prove that R is an equivalence relation.

Ans. Given R ={(a, b) : a, b € Z and (a — b) is divisible by 5}
Reflexivity: Vae Z
a—a =0 s divisible by 5
= (a,a)eRVaez
Hence, R is reflexive.
Symmetry: Let(a,b)eR =  a-—Dbisdivisible by 5
= —(b-a)isdivisible by 5
= (b-a)isdivisible by 5
= (b,a)eR

Hence, R is symmetric.



Transitivity: Let (a, b), (b, c) €R

=> (a—Db) and (b — c) are divisible by 5
=> (a—b +b-c)isdivisible by 5

= a — cis divisible by 5

=> (a,c)eR

Hence, R is transitive.

Thus, R is an equivalence relation.

4x
3x+4

inf: R- {—g} — Range of f, f is one-one and onto. Hence find f~1:
Range f — R—{—g}.

Q.16. Let f: R- {—%} — R be afunction defined as f(x) = Show that,

Ans.



Letx, » € R- {-3}

4z

Now f(I1)=f(I‘2) = ’Z:IL:‘? = Jz5 14

= 12xixn+16x=12x 5+ 16X,

= l6xi=16x
= X1 =X
Hence fis one-one function

Since, co-domain fis range of f

So, f: R - { ’l'} — ]R in one-one onto function.

For inverse function

Let f(x) =y
4z > S " .
= e =Y = 3Xy+ 4y = 4x
= 4x - 3xy =4y
= x(4-3y) =4y
= —z:_rll
=T

[herefore, f~': Range of f— R - {- 4/3|

; 4
is f 1(9)24—!/9,;

Q.17.Let A=R x R and * be the binary operation on A defined by (a, b) *(c, d) =
(a+c, b +d). Show that *is commutative and associative. Find the identity

element for * on A, if any.
Ans. For Commutativity

Let (a, b), (c,d)eR xR

(a,b)*(c,d)=(a+c,b+d)and (c,d)*(a,b)=(c+a,d+b)

=(a+c,b+d)

= (@, b)*(c,d)=(c,d)*(a, b)

[+ Commutative law holds for real number]



Hence, * is commutative
For Associativity
Let (a, b), (c,d)and (e,f) ER xR
(@, b)*(c,d)*(e,fy=(@+c,b+d)*(e,f)=(a+c+e,b+d+f)
(@, b)*((c,d)y*(e,f))=(@,b)*(c+te,d+f)=(a+c+e,b+d+f)
((@ b)*(c,d)* (e, f)=(a,b)*((c.d)*(e,f))
* is associative
Let (e1, e2) be identity
= (a, b) * (e1, e2) = (a, b) = (a+tei,b+e2)=(a,b)
= at+ei=aandb+ex=b = e1=0,e2=0
(0, 0) e R x R is the identity element.

Q.18. Let A=Q x Q, where Q is the set of all rational numbers, and * be a binary
operation on A defined by (a, b) * (c, d) = (ac, b + ad) for (a, b), (c, d) € A. Then find

Q. The identity element of *in A.
Ans. (i) Let (X, y) be the identity element in A.
Now, (a,b) *(x,y)=(a,b)=(x,y) *(a,b) vV (a, b) € A
= (ax,b+ay)=(a, b) = (xa, y + bx)
Equating corresponding terms, we get
= ax=a,bt+tay=bora=xa,b=y+Dbx,
= x=landy=0
Hence, (1, 0) is the identity element in A.
Q. (i) Invertible elements of A, and hence write the inverse of elements (5, 3)
and (%4)

Ans.



(i) Let (a, b) be an invertible element in A and let (¢ d) be its inverse in A.
Now, (a, b) * (¢ d) = (1,0) = (¢, d) * (a, b)
=> (ac, b+ ad) = (1,0) = (ca, d+ be)
= ac=1,b+ad=0o0r1=ca 0=d+ bc | By equating coefficients|

and dz-% where, a+#0

hlt—

=2 e=

Therefore, all (a, b) € A is an invertible element of A if a # 0, and inverse of (a, b) is (%, _

8l o

)

For inverse of (5, 3)

Inverse of (5, 3) = (%, _

) ( Inverse of (a, b)= %’Tb)

(2 JX)

For inverse of (% , 4)

Inverse of (3,4) = (2, 8)

Long Answer Questions-| (OIQ)

[4 Mark]

f:R — [0, ) , .
Q.1. Let 27 defined by f(x) =tan! (x2 + x + a), then find the value or
set of values of ‘a’ for which f is onto.

AnNs.



Given function is f:R — [0, ;)
Since, fis onto = Range of fis [O, ;)

= 0<f(z)<3 = O<tan '(z’+z+a)<j

2

—5 tan0§x2+z+a<tan,’_§ = 0<z* + z+a<

1
K

It is possible only when a =

. 2
As zz+m+%:zz+2rx%+(%)

—(@+1)" and 0< (2+2)’ <0

Hence, the required value of @ = 1.

'S

Q.2.LetA={-1,0,1,2},B={-4,-2,0,2}and f,g : A — B be functions defined

g(z)=2|z—=5|-1x

by f(x) =x?-x, x € A and, € A. Are f and g equal? Justify

your answer.
Ans.

For two functions f: A — Band g: A — Btobe equal, f(a) = g(a) Va€ Aand Re= R,
Here, we have f{x) = x* - x

jE)=2a—=3.|=12 [x€A={-1,0,1,2{]
We see that, f{-1) = (=1)* - (=1) =2

g(-1)=2|(-1)- 3 | 1=2x35-1=3-1=2

So, f-1) =g(-1)

Again, we check that, f{0) = g(0) =0, f{1) = g(1) =0 and £f(2) = g(2) = 2.

Hence, fand g are equal functions.

Q3. LetA={x€eR:-1<sx=<1}=B. Showthatf: A— Bgiven by f (x) =x |x|is a
bijection.



Ans. We have,

- B -1:2, lfll'jo
f(l‘)—ll‘lxl s {1‘2, fz<0

Forx = 0, f(x) =x?represents a parabola opening upward and for x < 0, f(x) = —
X2 represents a parabola opening downward.
).

/ - X

y =-x2

So, the graph of f(x) is as shown in figure.

Since any line parallel to x-axis, will cut the graph at only one point, so f is one-one. Also,
any line parallel to y-axis will cut the graph, so f is onto.

Thus, it is evident from the graph of f(x) that f is one-one and onto.

Q4. If Ha)=vE(Z29 ng g(x) =x2— 1 are two real functions, then
find fog and gof and check whether fog = gof.

Ans.
['he given functions are f(z)=\/z, >0 and g(z)=2z>-1
We have, domain of f= |0, ®) and range of f= |0, )
domain of g = Rand range of g = [-1, ®)
Computation of gof We observe that range of f= |0, ®) & domain of g
gof exists and gof: [0, ®) — R
Also, gof (2) = g(f(2)) = (/) = (VZP - 1=z~ 1

Thus, gof: |0, ®) — R is defined as gof (x) = x - 1



Computation of fog: We observe that range of g = -1, ®) & domain of £

Domain of fog = {x: x € domain of g and g(x) € domain of f]

= Domain of fog = |x: x € Rand g(x) € [0, ®){
= Domain of fog= {x: x€ Rand x - 1 € 105924
= Domain of fog = {x: x€ Rand x* - 1 2 0}

Domain of fog=jx: x€ Rand x= -1 or x 2 |{
Domain of fog=x: x€ (- =, -1| U |1, =)

: : . . X P
lhus, fog: (- @, 1] U [1, ®) — Ris defined as fog (z) = vzZ - 1
We find that fog and gof have distinct domains. Also, their formulae are not same.
Hence, fog # gof

Q.5. Let X be a non-empty set and * be a binary operation on P(X) (the power set
of set X) defined by

A*B=AUB forall A, B € P(X)

Prove that “*’ is both commutative and associative on P(X). Find the identity
element with respect to “*’ on P(X). Also, show that ®e P(X) is the only invertible
element of P (X).
Ans. As we studied in earlier class that for sets A, B, C

AUB=BuUAand (AUB)UC=AU (BUC)
Therefore, for any A, B, C € P(X), we have

AUB=BuUAand (AUB)UC=AU (BUC)
= A*B=B*Aand (A*B)*C=A*(B*C)
Thus, " is both commutative and associative on P (X)

Now, AU ® =A=0 U Aforall A € P(X)



A*O=A=0*Aforall A e P(X)

So, @ is the identity element for *** on P(X). Let A € P(X) be an invertible element. Then,
there exists S € P(X) such that

A*S=Pp=S*A
= AUS=0=SUA = S=0p=A

Hence, @ is the only invertible element.

=1, F<
z =0 then for all z find fog ().
x>0

Q.6. Letg(x) =1 +x—[x] and f(x) =
Ans.

fog(x) = f(g(x)) = f(1 + x- [x]) = (1 + }x{) = |

Here, ix} = x - \\]
Obviously, 0=x- \l @i
= 0= ixi<l
a 1 +§{x} 21

fog (x) = f(1 + }x{) = |

Note: Symbol {z} denotes the partial part or decimal part of z.
For example, {4.25} =0.25, {4} =0, {-3.45} =0.45

In this way z =2z - [z] = 0<{z}<1

[6 Mark]

Q.1. If the operation “** on Q — {1}, defined bya*b =a+ b -ab forall a, b € Q — {1},
then

(i) Is ¥ commutative?



(if) Is *’ associative?
(iii) Find the identity element.
(iv) Find the inverse of ‘a’ for eacha € Q — {1}
Ans. We have,a*b=a+b-abVva,beQ-{1}, then
() Commutative: Leta, b € Q — {1}
Now,a*b=a+b—-ab
b*a=b+a-ba=za+b-ab [- Commutative law holds for + & X]
Hence,a*b=b*a
i.e., ™ is commutative.
(if) Associative: Leta, b, c e Q — {1}
Now, (@a*b)*c=(a+b—-ab)*c=a+b—-ab+c—-ac-bc+abc
a*(b*c)=a*(b+c-bc)=a+b+c—bc—ab-ac+abc
e, (@*b)*c=a*(b*c)
Hence, ™' is associative.
(iii) Identity: Let e be the identity element.
Then, vV a € Q — {1}, we have
a*e=a = ate—ae=a
> 1-a)e=0
> e=0eQ-{1} [-a#1=>1-a#0]
Now, a*0O=a+0-ax0=a
O*a=0+a—-0xa=a
Thus, 0 is the identity element in Q — {1}.

(iv) Inverse: Let b be the inverse element of a, for each a € Q — {1}.



Then a*b=e=0 = a*b=0
= a+b—-ab=0= ab-b=a

= ba-1)=a

b=g=3€Q— {1}

= a

—- €Q - {1}

Therefore, for each a the corresponding inverse element is
Q.2. Show that the function f : R — R given by f(x) = x3 + x is a bijection.
Ans.

We have the function £: R — R given by f(x) = X’ + x.

Injectivity: Let x, ¥ € R such that f(x) = f(y)
= X +x= _\"" +y
= -y +x-y=0

2 +xy+y? =0 foral z,ye R

R | i & 22 +xy+y2+1>1 forall zyeR

Il
o
"

= (x-M(X+xy+y+1)=0

= x-y=0 = X

]
St

lhus, f{x) = £{¥) = x=yforallx, yeE R

So, fis injective.



Surjectivity: Let y be an arbitrary element of R such that f{x) = y

= X +x=y = x+x-y=0

For every value of y, the equation x’ + x — y = 0 has a real root a.

Therefore, a* + a— y=0 [ An odd degree equation has at least one real root.|

3" + a

y = fla)=y

Thus, for every y € R there exists a € R such that
fla)y=y

So, fis surjective.

Hence, f: R — R is a bijection.

2x-4
3x-9’

Q.3.LetA = R- {3}and B =R- {g} If f:A- B:f(x) = then prove that fis a

bijective function.

Ans.



One-one: Let x;, x5 be any two elements of A, then
2z, - 4 2zy 4
f(m)=f(z2) = Hw—=%—
—  b6xyzs — 18z — 1225 + 36 = 6z122 — 1227 — 18z + 36
= —18z; — 1225 = — 12z; — 18z
= —18z; + 12z, = — 18z3 + 1225

= —6z3=—6z09 = I =2

Hence, fis one-one function. (1)
Onto: Let y:gz 4 = 3xy -9y =2x-4
= 3xy-2x=9y-4 = x(3y-2)=9%y-4
= 9y -4
' e

!

From above, it is obvious that V y # 3 t.e. Vy € B,dzc A

Hence, f is onto function (1)

(i) and (ii) = f is one-one onto i.e. bijective function.

Q.4. Given a non-empty set X. Let *: P(X) x P(X) — P(X) defined as
A*B=(A-B)U(B-A)VA,BEePX).

Show that the empty set ® is the identity for the operation * and all the
elements A of P(X) are invertible with A= = A.

Ans. Here operation *' is defined as

*: P(X) x P(X) - P(X) such that A*B=(A—B) U (B—A) V A, B € P(X)
Existence of identity:

Let E € P(X) be identity for *‘ in set P(X)

= A*E=A=E*A

> (A-E)U(E-A)=A=(E-AUA-E)



It is possible only when E = ®, Because
A-D)U(P-A)=AUD=A and (P-AUA-P)=DUA=A
Hence, @ is identity element.
Existence of inverse:
Let AL be the inverse of A for ** on set P(X).
A*Al=p=Al*A > (A-AHUAI-A)=0D
> A-Al=0=A1-A=00 = AcAlandAlcA
= A=A1
Hence, each element of P(X) is inverse of itself.
Q.5. Show that the relation R on the set A of points in a plane, given by

R = {(P, Q) : Distance of the point P from the origin = Distance of point Q from
origin} is an equivalence relation.

Further, show that the set of all points related to a point P # (0, 0) is the circle
passing through P with origin as centre.

Ans. If O be the origin, then
R={(P, Q) : OP =0Q}
Reflexivity: V point P € A
OP =OP = (P,P)ER
i.e., R is reflexive.
Symmetry: Let P, Q € A, such that (P, Q) e R
OP = 0Q = O0Q=OP = (Q,P)eR
i.e., Ris symmetric.
Transitivity: Let P, Q, S € A, such that (P, Q) e Rand (Q, S) e R

OP =0Q and 0Q =0S



OP =0S = (P,S)eR
i.e., R is transitive.
Now we have R is reflexive, symmetric and transitive.
Therefore, R is an equivalence relation.
Let P, Q, R... be points in the set A, such that
P,Q),(P,R)...€eR
= OP =0Q; OP =0OR,; ... [where O is origin]
= OP=0Q=OR=...
i.e., All points P, Q, R ... € A, which are related to P are equidistant from origin ‘O’.

Hence, set of all points of A related to P is the circle passing through P, having origin as
centre.
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