Long Answer Question-Il (PYQ)

[6 marks]

Q.1. Using the method of integration, find the area of the region bounded by the
lines3x -2y +1=0,2x+3y—-21=0and x-5y +9=0.

AnNs.

Given lines are

3x-2y+1=0 (i)
2x+3y-21=0 nen)
X-5y+9=0 .. ()

For intersection of (1) and (u)

Applying (i) x 3 + (ii) x 2, we get

9x-6y+3+4x+6y-42=0

= 13x-39=0=x=3

Putting it in (1), we get

9-2y+1=0

=2x=10=y=5

Intersection point of (i) and (i) is (3, 5)
For intersection of (if) and (i)
Applying (if) - (iii) x 2, we get
2x+3y-21-2x+ 10y~ 18 =0

= 13y-39=0=y=3

Putting y = 3 in (1), we get



2x+9-21=0

=2x-12=0=x=6

Intersection point of (ii) and (iif) is (6, 3)
For intersection of (1) and (i)

Applying (i) - (iif) x 3, we get
3x-2y+1-3x+ 15y=27=0

= 13y-26=0 =y=2

Putting y = 2 in (i), we get
3x-4+1=0 =x=1

Intersection point of (1) and (ii) is (1, 2).

With the help of point of intersection we draw the graph of lines (1), (if) and (iif)

Shaded region is required region.
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Q.2. Find the area of the region {(x, y) : x> +y?<4,x +y 2 2}.

Ans.

d b 2
Let R=j(xy):x +y S4,x+y22|

= R={(xy): 2+ys4N{xy):x+y22]
ie., R = R' N R?, where
Ri=f(xy):+yS4land Ry, = {(x,y) : x+ y2 2]

For region R,
Obviously x* + y? = 4 is a circle having centre at (0,0) and radius 2.
Since (0,0) satisfy x* + y* S 4. Therefore region R, is the region lying interior of circle x* + y* = 4

For region R

X 0 2
y 2 0
X+ y =2 is a straight line passing through (0, 2) and (2, 0). Since (0, 0) does not satisfy x + y Z 2
therefore R, is that region which does not contain origin (0, 0) ie., above the line x + y = 2
- . Y
Hence, shaded region is required area.
: : 2 4
Now, area of required region o
5 \
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ey X —5 —X
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-14 N .
0 0 <

= [%z\/m + 34sin ! (:‘;)](2, —2falg + [%]z

=[2sin '1-0]—2[2—0]+ [5 0]
=2x 3 —4+2=(m—2) sq units

Q.3. Find the area bounded by the curve x? = 4y and the straight line x = 4y — 2.

Ans.




Given curves are
=4y ...(1)
and x=4y-2 .. 1)

Obviously, curve (i) is a parabola with vertex at (0, 0) and axis along +ve

direction of y-axis, while equation (ii) represents a straight line.

For points of intersection, we solve (1) and (i1) as

X=x+2
= X -x-2=0 = X =-2x+x-2=0 !
Yl
=> x(x-2)+1(x-2)=0 = (x-2) (x+1)=0
= p=—1,2 = yzi,l

Hence, coordinates of intersection points of line and parabola are (—1, %) and (2, 1).
Shaded region is required region.

~ Required area= area of trap. ABCD - area of ABOCDOA
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Q.3. Find the area bounded by the curve x? = 4y and the straight line x = 4y — 2.
Ans.



Given curves are
X = 4y i)
and x=4y -2 was(H)

Obviously, curve (1) is a parabola with vertex at (0, 0) and axis along +ve

direction of y-axis, while equation (i) represents a straight line.

For points of intersection, we solve (i) and (if) as

X=x+2
= X -x-2=0 = X -2x+x-2=0 '
Y
YI
= x(x-2)+1(x-2)=0 = (x-2) (x+1)=0
=3 r=—1,2 = yzi,l

Hence, coordinates of intersection points of line and parabola are (—1, %) and (2, 1).
Shaded region is required region.

Required area= area of trap. ABCD - area of ABOCDOA

2(z+2 2 g2 1] (z+2)? : 12377
:/ dm—/ —dr=— | —= —— | =
AT ST 1|7 2 1|73,

Q.4. Find the area of the region included between the parabolas y? = 4ax and x? =
4ay, where a > 0.

Ans.



Given parabolas are y* = 4ax ...(i), X =day  ..(i) T
Obviously, curve (i) is right handed parabola having vertex at (0, 0), while “,
~ 7 i1 1 o 1 P avi ¥ r v W
curve (i) is upward parabola having vertex at (0, 0). 2 a Alda, 4a)
Shaded region is required region. X! Sl b Bida0)
For coordinate of intersection point A, (i) and (ii) are solved as e,
%
2 \? 4
(—) =4dax

4a

= x* = 64a’x

=  x(x*-642%) =0

= x=0 or X -64a=0

= x=4a and y-=4a
Hence, coordinate of A = (4a, 4a)

Therefore, area of required region = area of OCABO - area of ODABO

a da 2 3 4a
:/ \/Md:c—/ Tdr = A= lﬁws/z_‘”_]
0 0

4a 3 12a |,
= A= 4T‘/& (4a)®*? - (f;i

__ 322 _ 16a®> __ 16a? .
= == 3~ — —3— Sq units.

Q.5. Find the area of the region enclosed between the two circles: x? + y?>=4 and
(x=2)2+y?=4.

Ans.



Equations of the given circles are
X+y=4 (1)
and (x- 2)2 +y =4 (1)

Equation (1) is a circle with centre O at the origin and radius 2. Equation (i)

is a circle with centre C (2, 0) and radius 2. Solving equations (i) and (if), we

have

(x-= 2)2 +y =2+
or X-dx+4+ =2+ )y
or x = 1 which gives y=++/3

)
W&

P

A'(r~ 3

Thus, the points of intersection of the given circles are A (1,+/3) and A’ (1, —/3)as shown in the fig.

Required area of the enclosed region OACA'O between circles
= 2 [area of the region ODCAO]
= 2 [area of the region ODAO + area of the region DCAD)]

zz[fo‘yderff’y dx]
=2 [fy A= (2 - 2Pdx+ [} VA= 7% x|

:2[%(2—2)m+%><4sm I(ITZ)] [ 3’\/4 z? + —><4sm ‘%]j

_[(m 2)\/4—(z— 2)2 + 4sin ! (ﬁ)]o [z\/m+4sinl

2
5
21

(- v3+4sin ' (5)) —4sin ' (-1)] + [4sin "1 - /3 - 4sin' ]

=[(- ﬁ-4xg)+4xg]+[4x£- V3- 4xI]

=(-v3-Z+2n)+(2r- v3- ¥) =5 - 2¢/3 sq units.

Q.6. Using integration find the area of the region
{(x,y): 25x% + 9y?2 < 225 and 5x + 3y 2 15}.

Ans.



. . . ¢ ~_2 2 - - - )
The given region is }(x, y) : 25x° + 9y~ 2 225 and 5x + 3y 2 15

Its corresponding equations are

2
2502 +9y? =226 = 4L 1 (i)

and 5x+3y=15 .. ( 1)

Y

A

B (0, 5)
e 5 AB.O)

Y

LA

Obviously; curve (1) is an ellipse with centre at (0, 0) and major axis along y-axis while (i) is at straight

line. Intersection points of (i) and (if) are (0, 5) and (3, 0).

Shaded region is required region and is given by

/:ﬂ/@dz—/osw;gsxdz
_ VI -5 fPaxtd e dx
= [vo= 7 + Bt 23 - 5faf3+[£].
15

15 = 15 /o 2
= 3.3 — 16+ 5 =3 (3 — 1) ‘sq units.

Q.7. Find the area of the region in the first quadrant enclosed by the x-axis, the
line y = x and the circle x? + y? = 32.

Ans.



The given equations are

yi=iX (1)

and  x°+ )% =32 . (i)

Solving (i) and (i), we find that the line and the circle meet at B(4, 4) in the first quadrant. Draw
perpendicular BM to the x-axis.

Therefore, the required area = area of the region OBMO + area of the region 1 -
5
BMAB. A

0\!. o)
. @‘0\
Now, the area of the region OBMO i \n
X 5 X
A 4 1 4
=/ ydm:/ zdr = —[z?]; =8 ..( i)
0 0 2

Again, the area of the region BVIAB L

4/2 o L — | T
=/ ydz = \/32—m2dz=[Ez\/32—w2+§x32xs'm1—
4 4

= (34V2x 0+ x32xsin '1) — (/32— 16+ 5 x 32 xsin ' L)

4

sl

=8~ (8 +4M) =4 -8  ..(iv)
Adding (iif) and (iv), we get the required area = 4T sq units.

Q.8. Find the area enclosed by the parabolay? =x and liney + x = 2.

Ans.
To get the point of intersection, we have to solve the equation of line y + x = 2 and parabola y* = x.

On solving them we find the coordinates of points of intersection as (4, -2) and (1, 1). Drawing

perpendiculars from these points on y-axis, we obtain the coordinate as (0, 1) and (0, -2).



1

el
Thus, required area = /(2 —y—y?)dy = [2y = ?]
2
2

@i (a4
1 27

5 8 2
—2-546-8-_8-2_

= = sq unifs.

Q.9. Using integration, find the area of the region bounded by the parabola y? =
4x and the circle 4x? + 4y? = 9,

Ans.

Given curves are

4% + 4y* = 9 ...(ii)
2, 2 _ (3)\2
=~ megt={g)

Obviously, curve (i) is right handed parabola having vertex at (0, 0) and axis along +ve direction of x-axis

g

while curve (i) is a circle having centre at (0, 0) and radius 3.

Shaded region is required bounded region, which is symmetrical about x-axis.

For coordinate of intersection points ‘A’ or ‘B.
=4x> + 16x-9=0

=4x’ + 18x-2x-9=0

=2x(2x+9) - 1(2x+ 9)=0

=(2x- 1) (2x+9) =0

9 -
= =5 or r=—g(not possible)

L
2

k.
]
|
0| =
'~
%]
If
W
X
to | =
|
(3]



Hence, area of required region =2 [Area OADO + Area DACD)|

1/2 3/2
=2 / 2 mda:+/ \/——:c
0

[Note: Equation of circle in standard form is

(x - @)+ (y- B)* = %, where (0, B) is centre and r is radius.]

Q.10. Find the area of that part of the circle x? + y2 = 16, which is exterior to the
parabola y? = 6x.

Ans.
Given curves are
2+y =16 (i)
Y’ = 6x ...(id)

Obviously curve (i) is a circle having centre at (0, 0) and radius 4 unit.
While curve (i) is right handed parabola having vertex at (0, 0) and

axis along +ve direction of x-axis.

Required part in the shaded region.

Now, for intersection point of curve (1) & (ii)

¥ +6x=16

= C+6x-16=0



= X+8x-2x-16=0

=5 X(x+8)-2(x+8)=0

= (x+8) (x-2)=0

= x=-8 or 2 [+x=-8isnot possible as ¥ is +ve]
X=2
y=++v12= + 23

Hence, coordinate of Bis (2,2+/3).
Since, shaded region ie, required part is symmetrical about x-axis.

Therefore, area of required part

2 [.'—\rea OBED()]

2 [.‘—\rea DEBFD - Area OBFO}
—2[[} V62 dax- [} V62 ax]
= 2[2v16 - 2% + Psin ! %]24— 2v6. 3[z** 3

— [(2X\/ﬁ+168i}1 1% — (_4) % 0 + 16sin 1(_1)]_%6[2\/2_0]
=(3+8n+(1-3) V3

Q.11. Using integration, find the area bounded by thelinesx +2y =2,y —x =1
and 2x +y =7.

Ans.



2x+y=7 -..(ii)

On solving equation (1) and (i), we get

Y
Coordinate of A = (0, 1). \
Similarly, 1
- //\.
By solving (ii) and (iif), we get 1 )
@3)
: : | 2
Co-ordinate of B = (2, -3) ’
©.1) ;
- - .. XI E(%lO) X
and by solving (i) and (iii), we get of T DRl \©
' (0-1)F cl4-1)
= A ey - **2_1»
Co-ordinate of C= (4, -1) s2
A

Shaded region is required region.

- Area of required region

_ j%dy—/{(EZ—Qy)dy—/s(y—l)dy

1 )3 21 v .
:5[7y—7] 1—[2?/—?/] 1—[7‘1!]1

=s(1-3+7+3) - (2-1+2+1)— (3 -3—3+1)
=12 -4 - 2= 6 sq units

Q.12. Find the area of the region {(x, y) : y? < 6ax and x? + y? < 16a?}, using method
of integration.

Ans.



Corresponding curves of given region

f(x y): ¥ S 6axand ¥ + y S 162%] are

2+ = 162 (1)
>
y° = 6ax e (1) /\bo? - (20, 24%a)
’\f/
% H
Obviously, curve (i) is a circle having centre (0, 0) and radius 4a. i
While curve (if) is right handed parabola having vertex at (0, 0) X 0 Alda, 0) %
and axis along +ve direction of x-axis.
£ =6
Obviously, shaded region OCAB is area represented by
y* S 6ax
and X+ S 162°
Now, intersection point of curve (i) and (ii)
x> + 6ax = 16a° (Putting the value of ¥ in (7)]
= x*+6ax-16a*>=0 = x*+8ax - 2ax~- 162> =0

= X(X + 83) = 23(_\’4- 8"1) =0 = (X + 8«1) (X"' 2d) =0

= x=2a - 8a



= x=2a [+ x = - 8ais not possible as y* is +ve]

y= 2v/3a
Since, shaded region is symmetrical about x-axis

» Required area= 2 [Area of OABO]
2a 4a

=2 /\/6aa:d:c+‘/ V162 — 22 dz
0 2a

= \/(ﬁ/\/—dz+/\/(4a)2—m

2a
2 3 oo
=26 x 2[z’], +2[%y/16a —2® + }16a%sin )

- ﬁ [(2a) Vs 0] + 2 [(0 + 4aw) — (2\/§a + 2 )]

8a2,/12 2
= —3 — 44/3a® — —8‘;”
16 16a®
= ++/3a® + 5F —4,/3a
| 4\/502 4 1oz
— 73 3

Q.13. Find the area of the region enclosed between the two circles x? + y?> =9 and

(x=3)2+y?=9
Ans.

The two circles are re-arranged and expressed as

P =9-x )

v =9-(x-3)2 .. (i i
) (x-3) (i) X =
Obviously, circle () have centre (0, 0) and radius 3 while (ii) have

centre (3, 0) and radius 3.

To find the point of intersection of the circles we equate y*.

<=



To find the point of intersection of the circles we equate y”.

The circles are shown in the figure and the shaded area is the required area.

Now, area of shaded region

3 3
—9 /\/9—(z~3)2d:c+/\/9—z2dm
0 >

i passry 3/2 3
=2 1—23\/9—(z—3)2+-gsin1%—3]0 [ V9—z%+ smlg]3
: 7
=2 43\/9 + 5sin ! (—3) — gsin 1)]+2[ sm‘l—-\/Q >sin '
[ 3 33 9 x , 9 =« 9 = 3 33 9 =
=277 ~3-5t2 5]” 22 12 2 3]
93 3x 9 Ox 9
=2 - Ei stk
93 O 187
=2|—3 —T+T]
:2———‘/—+12—"]_6 ——‘/—squmts

Q.14. Find the area of the region included between the parabola 4y = 3x? and the
line3x —2y +12 = 0.

Ans.



Given equation of parabola 4y = 3z? = y= %

and the line 3x-2y+ 12=0

3412

— =Y ... (i)
The line intersect the parabola at (-2, 3) and (4, 12).

Hence, the required area will be the shaded region.

4 4

3z +12 322

Required area / i dz — / %
2 2

4
_[352 _z
_[4:1: + 6z 4]2
=(12+24-16)—(3—12+2)
=20+7

= 27 square units.

Q.15. Using integration, find the area of the region
{(x,y)}: 9x?+y2<36and 3x +y = 6.

Ans.
Given region is {(x, ) : 9x* + y* S 36 and 3x+y 2 6
'e draw the curves corresponding to equations

9z2 + y% =36 or

2, v -
R —=land 3z +y==6
The curves intersect at (2. 0) and (0, 6)

Shaded area is enclosed by the two curves and is




|

j\/gﬁ (-2)e

= 6[§\/4A z? + 3sin

P!

+

V4-

=:6(p-

2

) square units

Q.16. Using integration,
0), B(1, 3) and C(3, 2).

Ans.

2
/ (6 — 3z)dz

2

1z

o
5 2z + 7]

0

i

find the area of the triangle ABC with vertices as A(-1,

We mark the points on the graph and get the triangle ABC as shown in the figure

Required area of triangle

= area of DABD + area of trapezium EDEC — area of DACE

Y
A
N B(1,3)
21 ,C(3,2)
1-'/
A(Hf
0) D E
X' - } =X
-1 © 1 2 3
Y
YI'
Equation of line AB = y= %(1‘ +1)
- 1 7
Equation of line BC = y= ;;_ +3
: — o :
Equation of line AC = y= -;— +3



~ Area of

= 3+ —- 9‘42'1 = ( ) =3+5- 4=4 sq units

Q.17. Using integration, find the area of the following region:

{(X’Y): x-1| <y < \/5—_x2}

Ans.
We have provided

{(:c,y): Im—ll <y g\/s——aﬂ}

Equation of curve is y = \/5 —z2 or y> + z? =5, which is a circle

with centre at (0, 0) and radius % 3

Equation of line is y = |x - 1|



Consider, y=z—1 and yz\/ﬁ—a:2

Eliminating y, we get
z-1=5-2

= X+1-2x=5-x?

=2x2-2x-4=0

= X -x-=-2=0

= (x-2) (x-1)=0

= XxX=2,-1

The required area is

[ VoFa [(etnae- [@-1a

5 5 1
S W
=§[Sm‘(g 2= 3
:—sml(l)—%
= (3£ - 3) sq units.

) (F+1+5+1)-(2-2-1+1)

Q.18. Find the area of the circle 4x2 + 4y? = 9, which is interior to the parabola x? =

4y.

Ans.



Equation of circle and parabola is Y S
//

42 +4y2=9 = z2+y?=3 sl (‘/-1)

2 =4y = y:%

.. (i)

Obviously given circle have centre at (0, 0) and radius % while given

parabola is upward parabola having vertex at (0, 0) and axis along +ve

direction of y-axis. Shaded region is required region which is symmetrical \

along y-axis.

By putting value of equation (if) in equation (1), we get
2% +4 (’7 ) =

=2+ 16x* - 36=0

2

= (£ +18) (¥*-2)=0

=ty 18 =0, i -2=0
:z:—m,xZi\/?

=z =442 (.- = —+/18 is not possible ie, intersecting points are (—+/2,1/2), (v/2, 1/2))

Required area = 2 [area of OABCO - area of ODBCO]

vZ o VZ 52
= AR ) = el
= /0 \/4 r° dx /; 4d:z:

:2{[§\/§—z2 + 2sin 1?75];@_ [%]f}

_o[v2 L 9 12v2 V2] _ (V2 |, 9 . 12/2 .
_2[T+§sm T_T]"( + 8mn T) SqQ units.

6

Q.19. Using integration, find the area of the triangle ABC, co-ordinates of whose
vertices are A(4, 1), B(6, 6) and C(8, 4)

Ans.



Given triangle ABC, coordinates of whose vertices are A(4, 1), B(6, 6) and C(8, 4).
Equation of AB is given by
y—6=%(m—6) oryzg:v—g

Equation of BC'is given by

y—4=2>2 g(:c—S) or y=—z+12

o0

Equation of AC is given by

41 3
y—4=g5(—-8) ory=3z-2

Area of AABC = area of trap. DABE + area of trap. EBCF - area of trap. DACF

Z/j (;z—g) dm+L8(—z+12)dz—L8 (32—2) dz

- 3[%], okt [5], +12ils - §[5], + 20t

2(36—16) —9 (6 —4) — 2 (64— 36) +12(8 — 6) — 3 (64 — 16)

x20-18— 2 424 2 x48+8

8

e

=25-18-14+24 - 18 + 8 = 7 sq units.

Q.20. Using integration, find the area of the region bounded by the lines 4x -y +5
=0,x+y-5=0andx-4y +5=0.

Ans.



We have given

4x-y+5=0 (1) ‘&
5

x+y-5=0 o (11)

x-4y+5=0 (1)

By solving equations (i) and (iii), we get (-1, I) |

o
s 3 20
2l
and by solving (ii) and (iif), we get (3, 2) 3
4

A
e

= Area of region bounded by the lines is given by:

/(:{(43:4-5)—(zzs)}d:v+/03{(5—x)—(z:5>}dz
e 54

| 1522 15z o 15z 5z2 *
= g |, Tl e
1 0

—0={F-$)+ ($-%5)-0

= 2 +2 =2 squnits.

Q.21. Using integration, find the area of the following region:
{(x,y) x+2l <y < \/20—x2}

Ans.



Given region is {(:c,y) : |:c + 2' <y< (/20— :1:2}
It consists of inequalities y Z |x + 2| and y < /20 — z2

Plotting these inequalities, we obtain the adjoining shaded

region.

o . pl p)
Solvingy=x+2 and y° =20 -x°

= (x+2)7=20-x

=22x +4x-16=0

or(_\'+4) (x—2)=0 = x=-~4,2

2 2 2
The required area = / V20 — 22 dz — / —(z+2)dz — / (z+2)dz
4 4 2

lE]

= [g\/2—6——:cz+ Zsin 1%]24 + ["’2—2 +2$]

= -1 1 s f 2 oy, = =
— 4+10sin 'L +4+ 10sin (ﬁ)+[2 4-8+8 —[2+4-2+4]

— 8410 (sin ‘% +sin ‘%) 98— -2+10 (sin 1L 4 sin 1%)

= —2+10sin [%\/1—§+%,/1—§| =—2+10sin ' [+ 3] =-2+10sin '1

= —2+105 = (57 — 2) sq units.

Q.22. Using integration find the area of the triangular region whose sides have
equationsy =2x +1,y =3x +1and x = 4.

Ans.



The given lines are

y=2x+1 snsfi )
y=3x+1 o (1)
x=4 ... (10f)

For intersection point of (1) and (iii)

y=2x4+1=9

Coordinates of intersecting point of (i) and (iii) is (4, 9)
For intersection point of (i7) and (i)

y=3x4+1=13
i.e., Coordinates of intersection point of (i) and (iif) is (4, 13)
For intersection point of (i) and (if)
2x+ 1 =3x+1 =x=0

y=1

i.e, Coordinates of intersection point of (i) and (i) is (0, I).

Shaded region is required triangular region.

. Required Area = Area of trapezium OABD - Area of trapezium OACD

4 4 wz 4 2(32 4
- / (3a:+1)d.r—/ (22+1)dm:[3?+z] —[T+$]

0 0 0 0
=[(24+4) -0] - [(16 +4) - 0] = 28 - 20 = 8 sq units.

Q.23. Sketch the graph of y = |x+3| and evaluate the area under the
curve y = |x+3| above x-axis and between x =-61to x = 0.



AnNs.

For graph of y = |x+3|

X 0 -3 -6 -2 -4
y 3 0 3 1 1
Y
A A
2 o DN
™ X
4)( LI: LI! //\?
¥ 3
Q(-6,3) (0,3)
,§‘
N
L Q L.
X' % -5 4 3 -2 1 0 1 ~X

Shaded region is the required region.

0
Hence, Required area = / |z + 3| dz
6

::/:
::/:

s g >0if —3<z<
:/ —(z+3)dm+[ (z +3)dz [“’”’i("f 3sz<0
6 3 z4+3 <0 —-6<Lz<-3

0
z+3|dz + / |z + 3|dz [By Property of definite integral]
g | J

0
z+3 da:+/ |z + 3|dz
3

3

:—[%Jr&r] ] + [% +3:c]03

== [(B—9 -8+ [0~ 9]
- §+%:quunits.

Q.24. Using the method of integration, find the area of the region bounded by the
lines:



2x +y =4

3Xx—-2y =6

Xx=3y+5=0

Ans.

Given lines are 2x+y=4  ..(i)

3x-2y=6 ...(iI)

Xx-3y+5=0 ..(iii)

For intersection point of (i) and (i)

Multiplying (7) by 2 and adding with (i), we get

4z +2y =38

3z 2y-6

Hence, intersection point of (1) and (ii) is ( 2 0').
For intersection point of (i) and (i)
Multiplying (1) by 3 and adding with (7ii), we get

6z + 3y =12

T-3y—-5 3 i -
- = x=1landy=2

Hence, intersection point of (7) and (i) is (1, 2).

For intersection point of (i) and (i)



Multiplying (iii) by 3 and subtracting from (i), we get

3z —2y==6
3z39y—+15

= = y=3andz=4

Hence, intersection point of (ii) and (iii) is (4, 3).
With the help of intersecting points, required region AABC in plotted.
Shaded region is required region.

Required area= area of AABC

= Area of trap ABED - Area of AADC Area of ACBE

4 =
=/ w+5d2: / (4 —2z)dz — / o 6da:
1 2 2

= [ +5:v] — [4z — xz]l——[g—ﬁm]:

:%{(§+2o)—(g+5)}—{(8—4)—(4—1)}—%{ L) (i ( —12)}
=1fog. U {4 3} {0+6}_ x5 _1-3-I squnits

Q.25. Find the area of the region bounded by the parabola y? = 2x and the
linex -y =4.

Ans.
Given curves are y* = 2x (1)
and x-y=4 wue (1)

Obviously, curve (1) is right handed parabola having vertex at (0, 0) and axis along +ve direction of x-axis

while curve (ii) is a straight line.



For intersection point of curve (i) and (1)
(x - 4)% = 2x

= x*-8x+16=2x

= ¥ -10x+16=0

Y
= X -8x-2x+16=0 A
4 Z
= A 8 p) - 8 P 0 1,’})‘ P(8!4)
x(x ) .d(., )- ¥ //tx
*/
= (x—8) (.\'—2):0 X7 X
24 2,2
=55 g 8 ‘ @2
= v=-2,4 »/‘
M

Intersection points are (2, -2), (8, 4)

Therefore, required Area = Area of shaded region

5],
3 2-

64— 4/ — £/64+8/=30- 2 =18 sq units.

b3 -

4 4., 274
(vi4)
- g [ A5 -

L
2 6

Q.26. Using integration find the area of the region {(x, y) : x? + y2 < 2ax, y? 2 ax, X,
y = 0}

AnNs.



Given region R is
R={(xy):®+y*S2ax y*2ax x, y2 0}.
= R =R, N R, N R;, where
= Ry = {(x y):x* +y* S 2ax|
Ro=j(v3) i ¥ 2 ax
and R; = §(x y) : x20, y2 0}

2

Obviously, x* + y* = 2ax = (x - 3)2 +(y-0)"= a® is a circle having centre at (a 0) and radius r = a.

Therefore the region Ry = |(x, y) : L+ s 2ax| is the region inside the circle with centre (a, 0) and

P

radius a.
Also y* = ax is right handed parabola with vertex at origin.
So, region R; = {(x, y) : V2 ax| is the region out side parabola.

Also, R; = |(x, y) : X2 0, y 2 0} is region in first quadrant.

Hence, R = R, N R; N R; is the shaded region shown above in figure.

Now for co-ordinate of A, we solve y2 = ax and
x* + y* = 2ax as follows

2 . 2
X +2ax=2ax [Putting y~ = ax]
¥-ax=0
= x(x-a)=0

=2x=0.2a

Forx=a, y=a

(a. @)
A

w¥=ax

e
(2.0)

x2+y?=2ax




Forx=a y=a

Hence co-ordinate of A is (zz. a)

a a
Required area = / V2az — 22 dz — / \/az dzx
0 0

= [/~ (2% - 2ax+a% - a?)dx - /a [ /% dx

i V- apFaax- valzr]

0

= Jg V&= (2= af dx~ £ [a¥? - 0]

= [3(z - a)y/a® = (z— af + za’sin ! (2.2)] - &

" 2
~o- {0+ (5} - ¥
et A (5 e sa .

Q.28. Find the area of the region {(x, y): x> +y2<1<x +y}.
Ans.
The required area is the area between the circle

L+y =1L (4

and line x+y=1 ...( 1)

Circle (i) has centre (0, 0) and radius 1. Line (i) meets x-axis at A(1, 0)
and y-axis at B(0, ). The circle (i) also passes through A and B. Hence,
points of intersection of (1) and (if) are A(1, 0) and B(0, 1)

1 1
Required area = / V1-z?dz - / (1-z)dz
0 0

b 1 1
=[z.1 22+%Smlz] _[m_i]

2 0




Q.28. Using integration find the area of the triangle formed by positive x-axis and

tangent and normal to the circle x? + y? = 4 at (1,V3).

Ans.
Given circle is 22 +y2 =4
= 2z+ 2y§i =0 [By differentiating]

dx

Now, slope of tangent at (1, 1/3) = %] =

= Slope of normal at (1,,/3)=+/3

Therefore, equation of tangent is

= z++/3y=4.. (i)

Again, equation of normal is
¥ V3 e
-1 = V3

= y-—+3z=0 ..(ii)

1
{lr \/3) \/3.

A y-axis




To draw the graph of the triangle formed by the lines x-axis, (i) and (i), we find the intersecting points of
these three lines which give vertices of required triangle. Let O, A, B be the intersecting points of these

lines.
Obviously, the coordinate of O, A, Bare (0, 0), (L) /3 and (4, 0) respectively.

Required area= area of triangle OAB = area of region OAC + area of region CAB

= fol y dx + f: y dx [Where in Ist integrand y = 1/3z and in 2nd y = 2%

V3

1 44z, 21" 1 [a-22]*
e -l 5[]

V3 1 9
==agE A [0~ 3]

V3 — i
_T+2Lﬁ:21—5§_2ﬁsqurllts.

Q.29. Find the area of the region {(x,y) : x £y <|x|}.
Ans.
Given curves are
2+ =16 (4
¥ = 6x -..(i)

Obviously curve (i) is a circle having centre at (0, 0) and radius 4 unit.
While curve (if) is right handed parabola having vertex at (0, 0) and

axis along +ve direction of x-axis.

Required part in the shaded region.

Now, for intersection point of curve (1) & (ii)

¥ +6x=16

= C+6x-16=0



= 2 +8x-2x-16=0

=5 x(x+8)~-2(x+8)=0

= (x+8) (x=2)=0

= x=-8 or 2 [+x=~ 8isnot possible as ¥ is +ve]
X=:2
y==4+/12= + 2/3

Hence, coordinate of Bis (2,2+/3).
Since, shaded region ie, required part is symmetrical about x-axis.

Therefore, area of required part

Il

2 [;—\rea OBE DO]

2 [Area DEBFD — Area OBFO|
=2[[} VI6-2? dx- [} V62 ax]
= 2[2y/16 — 2% + Lsin ! %]24— 2/6. 2 [z%2]2

= [(2x+v12+16sin ']) — (—4) x 0+ 16sin ' (-1)] — -“-3@[2\/*2—0]
(g (4 2) V3
:(%w—%«/g) sq units.

Long Answer Question-Il (OIQ)

[6 marks]

Q.1. Using integration, find the area of the region bounded between the line x =4
and the parabola y? = 16x.



Ans.

Given parabola and line are X
¥ = 16x (i) A —
x=4 (11 >
() —— <IC@, 0)
I
Obviously, given parabola (1) is right handed parabola with vertex at (0, =
0) and axis along +ve direction of x-axis while line (i7) is a straight line B yZ?=16x
parallel to y-axis meeting x-axis at x = 4. Shaded region is required region, v

which is symmetric along x-axis.
Required area A is given by

A= 2(_area OCAO)

= A=2['ydx=2[/Ibzdx=8 [, /zdx [~ y?=16z

3 A2
2

1
A:S[ﬂ] = 2432 -0%%) = 2 x 8 = 12 5q units.
0

" y=16z]

Q.2. Find the area of the region bounded by the curve y? = 2y — x and the y-axis.

Ans.

Given curve is

y=2y-x (i)
y"—Zy:— X

= }-”’ -2y+1l=-x+1

= (y-1)72=-(x-1)

Obviously, given curve is left handed parabola having vertex at (1, 1).

Putting x = 0 in (i), we get




i.e., given parabola meets y axis at y = 0 and y = 2, so shaded region is required region.

Required area= Area of region OABO

= I3 (29— v)ay=[v*- 5],

8 _ 4 .
=4 — - = = sq units.
0 3 -3

Q.3. Find the area of the region bounded by the two parabolas y = x? and y? = x.

Ans.

The point of intersection of these two parabolas are O (0, 0) and A (1, 1) as shown in the fig.

Here, we can set y? = or y= /T = f(z)(because region lies above x-

axis) and y = x* = g(x) where, f{x) Z g(x) in [0, 1].

Therefore, the required area of the shaded region

X'

= Jo [f(z)- g(z)]dx

P _fagg. &7

= Ji [VE - 2tjax= (227 - 2|

:g—%:%sq unit :(

Q.4. Using integration, find the area bounded by the tangent to the curve
4y = x? at the point (2, 1) and the lines whose equations are x = 2y and x = 3y — 3.

Ans.
- 2. -a - o« . w
Obviously 4y = x~ is upward parabola having vertex at origin.

,
Now 4y = x~

ik dy dy
— 4E—2z = =



=  Slope of tangent at (2, 1) to given curve 4y = x~ is 1.

Equation of tangent = i

=1
=Sy-1l=x-2 = y=x-1

s

Now, for graph of x = 2y

X [0 |2
y |0 |1

Also for graph of x =3y — 3

x| 0| 3
y

After plotting the graph, we get shaded region ABC as required region, area of which is
to be calculated.

After solving the respective equation, we get
Coordinate of A=(2,1); B=(6,3); C=(3, 2)

Now, the required area = area of shaded region ABC



= ar(region ALMC) + ar (region CMNB) — ar (region ALNB)

= ar(region ALMC) + ar (region CMNB) - ar (region ALNB)

dx = [ﬁ . z]3+l[§+3x]6— [

122
3 g 3|2

,

3 Li]
=[(z- 1)dx+ [ Zdx -
2 3

Ne—a
ST

[(G-3)-G-2]+5[(F+18)- (3+9)] - 3(36-4)

T _ 27\ _Q_ 3,45 g __ .
_§+.5(36 ?) 8_§+? 8 =1 square unit .

1
f x -+ 1]dx.
Q.5. Sketch the graph y =|x + 1|. Evaluate ¥ 3 What does this value
represent on the graph?

z+1, ifz+1> 0 de., z>-1

We have, = |z+1 ={
y =l | —(z+1),ifz+1< 0 ie., z<-1

So,wehave y=x+ I forx2 - land y=- x~- 1 for x< - 1. Clearly, y= x+ 1 is a straight line cutting x
and y-axes at (-1, 0) and (0, 1) respectively. So, y = x+ 1, x 2 ~1 represents that portion of the line which
lies on the right side of x = —1. Similarly, y = - x - 1, x < = | represents that part of the line y = - x - 1

which is on the left side of x = ~1. A rough sketch of y = |x + 1| is shown in fig.

1
Now, /
3

-1 .11
- [%]sju [%] i~ [0- 3]+ [5 — 0] =4 sq units

1 1
T+ 1|dz :/ —(z+1)d.'1:+/ (z+1)dz
3 1

This value represents the area of the shaded portion shown in figure.

Q.6. Find the area of the region {(x, y): x? <y < x}

Ans.



We have, y=x (1)
and e (i)

We know that y = x is an upward parabola and the line y = x is passing
through origin.

Now, on solving (i) and (i), we get

Ye=x = x(x - 1)

x=:0: or: 1
From (i), x=0 = y=0 and x=1 = y=1
So, the point of intersection of () and (7i) are O (0, 0) and A (1, 1).
Draw AB 1 OX

Required area= Shaded area shown in figure

= area OPABO - area OQABOQO

e dx—fa:zdx
0 0
=3 . raP
=[2].~ &,
=%—%=%squmt

Hence, the required area is % sq unit.





