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Learning objectives are brief statements that describe what
students will be expected to learn by the end of school year,
course, unit, lesson or class period.

Additional information about the concept.

Amazing facts, Rhetorical questions to lead students
to Mathematical inquiry

Assess students’ critical thinking and their understanding
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To motivate the students to further explore the content
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ﬁ' CAREER OPTIONS IN
4 BUSINESS MATHEMATICS and STATISTICS

Higher Secondarystudents who have taken commerce with Business Mathematics

and Statiscs can take up careers in BCA, B.Com., and B.Sc. Statistics. Students

who have taken up commerce stream, have a good future in banking and financial
institutions.

A lot of students choose to do B.Com with a specialization in computers. Higher Secondary
Commerce students planning for further studies can take up careers in professional fields such as
Company Secretary , Chartered Accountant (CA), ICAI and so on. Others can take up bachelor’s
degree in commerce (B.Com), followed by M.Com, Ph.D and M.Phil. There are wide range of career
opportunities for B.Com graduates.

After graduation in commerce, one can choose MBA, MA Economics, MA Operational and
Research Statistics at Postgraduate level. Apart from these, there are several diploma, certificate and
vocational courses which provide entry level jobs in the field of commerce.

Career chart for Higher Secondary students who have taken commerce with Business

Mathematics and Statistics.

Courses Institutions Scope for.further
studies

B.Com., B.B.A., B.B.M., B.C.A,,
B.Com (Computer), B.A.

B.Sc Statistics

B.B.A.,LLB, B.A,, LLB,

B.Com., LL.B. (Five years integrated
Course)

M.A. Economics (Integrated Five Year
course) - Admission based on All
India Entrance Examination

B.S.W.

Government Arts & Science Colleges, C.A,,I.C.W.A, C.S.
Aided Colleges, Self financing
Colleges.

Shri Ram College of Commerce
(SRCC), Delhi

Symbiosis Society’s College of Arts &
Commerce, Pune.

St. Joseph's College, Bangalore

Presidency College, Chepauk, M.Sc., Statistics

Chennai.

Dr. Ambedkar Govt. Arts College,
Vyasarpadi, Chennai - 39.

Govt. Arts College, Tindivanam,
Villupram & Nagercoil.

Madras Christian College, Tambaram
Loyola College, Chennai.

D.R.B.C.C Hindu College, Pattabiram,
Chennai.

Government Law College. M.L.

School of excellence, Affiliated to
Dr.Ambethkar Law University

Madras School of Economics, Ph.D.,
Kotturpuram, Chennai.

School of Social studies, Egmore, M.S.W
Chennai
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Appllcatlons of

Matrlces and Determmants

Introduction

n our daily life, We
use Matrices for taking seismic

surveys. They are used for plotting graphs,

statistics and also to do Scientific studies in almost different
fields. Matrices are used in representing the real world data

Brahmagupta like the traits of people’s population, habits etc..

(VIO BRI WNN(O))N Determinants have wonderful algebraic properties and
occupied their proud place in linear algebra, because of their
role in higher level algebraic thinking.

Brahmagupta (born ¢.598 AD(CE) died c.668 AD(CE)) was
an Indian Mathematician and astronomer. He was the first to give rules to compute with
zero. His contribution in Matrix is called as Brahmagupta Matrix.

B(x’y):(itj/ ii)

e
© Learning Objectives

On Completion of this chapter , the students are able to understand

® the concept of rank of a matrix.
elementary transformations and equivalent matrices.

echelon form of a matrix.

the rank of the matrix. BYNM A I

testing the consistency of a non- homogeneous linear equations.
applications of linear equations

the concept of Cramer’s rule to solve non- homogenous linear equations.

forecasting the succeeding state when the initial market share is given.

Applications of Matrices and Determinants I 1 -
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1.1 Rank of a Matrix

Matrices are one of the most commonly
used tools in many fields such as Economics,
Commerce and Industry.

We have already studied the basic
properties of matrices. In this chapter we will
study about the elementary transformations to
develop new methods for various applications

of matrices.

1.1.1 Concept

With each matrix, we can associate a
non-negative integer called its rank.

Definition 1.1

The rank of a matrix A is the order of
the largest non-zero minor of A and is

denoted by p(A)

In other words, A positive integer r’
is said to be the rank of a non- zero matrix
A, if

(i) there is atleast one minor of A of order
‘r which is not zero and

(ii) every minor of A of order greater than
‘Y’ is zero.

Note i

i) p(A)20

(ii) If A is a matrix of order mXmn,
then p(A)< minimum of {m,n}

(iii) The rank of a zero matrix is ‘0’

(iv) The rank of a non- singular matrix
of order nXn is ‘n’

Example 1.1
15
Find the rank of the matrix (3 9)

QB365 - Ouestio% Bank Software

Solution:

15
Let A =
39

Orderof Ais 2x2  ..p(A)<L2

Consider the second order minor
1 5
3 9

=—6%0

There is a minor of order 2, which is
not zero. ..p(A)=2.

4
a

no
M4 KNOW?
In cryptography, we are using

matrix concepts.

Example 1.2

-5 -7
Find the rank of the matrix ( )

Solution:

-5 -7
Let A=
Orderof A is2X2  ..p(A)<L2

Consider the second order minor

5 7

Since the second order minor vanishes,

p(A)#2
Consider a first order minor |—5| Z0

There is a minor of order 1, which is not

Zero
~pA)=1
Example 1.3
-1 5
Find the rank of the matrix |2 4 -6
1 5

- 2 I 12" Std. Business Mathematics and Statistics
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Solution: 1 5
Let A=|2 4 -6
1 5

Order of A is 3 X 3.

~p(A)<3
Consider the third order minor
0 -1 5
2 4 —-6|=6#0
1 1 5
There is a minor of order 3, which is not
Zero
~p(A) =3.
Example 1.4
5 0
Find the rank of the matrix 1 2 -4
-2 -4 8
@ Solution: 5 3 0
Let A =| 1 2 -4
-2 -4 8
Order of A is 3X3.
~p(A)<3.
Consider the third order minor
5 3 0
1 2 —4|=0
-2 -4 8

Since the third order minor vanishes,
therefore p(A)#3

Consider a second order minor

5 3
1 2

=7#0

There is a minor of order 2, which is not
Zero.

Sop(A)=2.

Example 1.5 1 2 -1 3
Find the rank of the matrix |2 4 1 =2
3 6 3 -7

Solution: 1 2 -1 3

Let A=|2 4 1 =2

3 6 3 -7

Order of A is3x4

- p(A)< 3.

Consider the third order minors

-1 1 -1 3

6 3 3 3 -7

2 3 2 -1 3
®

6 —7 6 3 -7

Since all third order minors vanishes,
p(A)#3.

Now, let us consider the second order
minors,

Consider one of the second order minors

2 -1
4 1

=6+#0

There is a minor of order 2 which is not

Z€ro.

~p(A)=2.

A is a square matrix of order 3.
If A is of rank 2, then adj
Ais of rank 1.

Applications of Matrices and Determinants I 5 -

i QB365 - Ouestio%g Bank Software —

‘ ‘ XII Std - Business Maths & Stat EM Chapter 1.indd 3 2/28/2020 5:27:18 PM ‘ ‘



| T T T (T
— | QB365 - Ouestio% Bank Software | —

1.1.2 Elementary Transformations and Let us transform the matrix A to an
Equivalent matrices echelon form by using elementary
transformations.
Elementary transformations of a matrix
(i) Interchange of any two rows (or columns): Matrix A Elementary
R & Rj (or C, > Cj)' Transformation
e 1 2 3
(ii) Multiplication of each element of a row
(or column) by any non-zero scalark: A=|2 3 4
R. = kR, (or C; = kC)) 3 5 7
. 1 2 3
(iii) Addition to the elements of any row (or R R. —2R
column) the same scalar multiples of ~10 -1 =2 2 7Ry TRy
corresponding elements of any other row 0 -1 —2 R,—R,-3R,
(or column):
1 2 3
R.—-> R +kR..(orC.—>C.+kC.)
i i j i i j
~10 -1 =2
Equivalent Matrices 0O 0 O R,—>R,;—R,
Two matrices A and B are said to be T[he abovefmatrix is
equivalent if one is obtained from the another in echelon form
by applying a finite number of elementary The number of non zero rows is 2
transformations and we write it as A~ Bor . Rank of A is 2.
B~A.
p(A)=2.

1.1.3 Echelon form and finding the rank of

the matrix (upto the order of 3x4)
Note

E
A matrix A of order m Xn is said to be in
echelon form if A row having atleast one non-zero

(i) Every row of A which has all its entries 0 element is called as non-zero row.

occurs below every row which has a non-
Zero entry.

Example 1.7
(ii) The number of zeros before the first non- ' '
zero element in a row is less then the Find the rank of the matrix
number of such zeros in the next row. 0 1

2 1
Example 1.6 A=l12 3 2
1 3

3 1

1 2 3

Solution:
Find the rank of the matrix A=|2 3 4
3 5 7

The order of A is 3 X 4.
= p(A)<3.

Solution : )
Let us transform the matrix A to an

The order of A is 3X 3. echelon form
s p(A) £3.

- 4 I 12" Std. Business Mathematics and Statistics
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. The number of non zero rows is 3.
Matrix A Transf t’y
ransformation = p(A) =3.
0 2 1 Consistency of Equations
A=1 2 2 System of linear equations in two variables
3113 We have already studied , how to solve
1 2 3 2 two simultaneous linear equations by matrix
A~lo 1 2 1 R, <R, inversion method.
3113 Recall
1 2 3 2 Linear equations can be written in
~|0 1 2 1| Rr SR _3R matrix form AX=B, then the solution is
3 3
0 -5 -8 -3 : X =A"'B, provided |A| #0
1232 Consider a system of linear equations
~10 1 21 R, >R, +5R, with two variables,
0 0 2 2 ax+by=h 0
The number of non zero rows is 3. cx+dy=k
= p(A) =3.
Where a, b, ¢, d, h and k are real constants
Example 1.8

Solution:

1
Find the rank of the matrix A= 3
2

W = =
[ O B
S N -

and neither a and b nor ¢ and d are both zero.

For any tow given lines L, and L,, one ®

and only one of the following may occur.

The order of A is 3 X 4.

~op(A) £3.

L, and L, intersect at exactly one point

Let us transform the matrix A to an

echelon form

L and L, are coincident

‘ ‘ XII Std - Business Maths & Stat EM Chapter 1.indd 5

Matrix A Elementar?f L, and L, are parallel and distinct.
Transformation
1 (see Fig 1.1) In the first case, the system
has a unique solution corresponding to the
A= 4 5 single point of intersection of the two lines.
3
In the second case, the system has
1 R, =R, -3R, infinitely many solutions corresponding to the
~ 1 2 -1 R,—R,—2R, points lying on the same line
012 =2 Finally in the third case, the system
1 1 1 R, —R; —R, has no solution because the two lines do not
~lo 1 -1 intersect.
0 O -1

Let us illustrate each of these possibilities
by considering some specific examples.

Applications of Matrices and Determinants I S -
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(a) A system of equations with exactly
one solution

Consider the system 2x—y=1,3x+2y =12
which represents two lines intersecting at (2, 3)
i.e (2,3) lies on both lines. So the equations are
consistent and have unique solution.

(b) A system of equations with infinitely
many solutions

Consider the system2x—y=1,6x—-3y=3
which represents two coincident lines.
We find that any point on the line is a
solution. The equations are consistent
and have infinite sets of solutions such as
(0, —1), (1, 1)and so on. Such a system is
said to be dependent.

(c) A system of equations that has no
solution

Consider  the  system  2x-—y=1,

6x—3y=12 which  represents  two
parallel straight lines. The equations are
inconsistent and have no solution.

AY

N

(b) Infinitely many Ly
solutions

0 X

- 6 I 12" Std. Business Mathematics and Statistics

AN
A%

10 X

(c) No solution

Fig. 1.1

System of non Homogeneous Equations in
three variables
A linear system composed of three linear

equations with three variables x, y and z has the
general form

ax+by+cz=d,

a,x+b,y+c,z=d, (2)

a,x+b,y+cz=d,

A linear equation ax+by+cz=d (a, b
and ¢ not all equal to zero) in three variables
represents a plane in three dimensional space.
Thus, each equation in system (2) represents a
plane in three dimensional space, and the
solution(s) of the system is precisely the point(s) of
intersection of the three planes defined by the three
linear equations that make up the system. This
system has one and only one solution, infinitely
many solutions, or no solution, depending on
whether and how the planes intersect one another.
Figure 1.2 illustrates each of these possibilities.

In Figure 1.2(a), the three planes intersect
at a point corresponding to the situation in which
system (2) has a unique solution.

Figure1.2(b)depictsasituationinwhichthere
are infinitely many solutions to the system. Here the
three planes intersect along a line, and the solutions
are represented by the infinitely many pointslying on
this line.

In Figure 1.2 (c), the three planes are
parallel and distinct, so there is no point in
common to all three planes; system (2) has no
solution in this case.

QB365 - Ouestio%g Bank Software
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P

1

(a) A Unique solution

Fig.1.2

(b) Infinitely many solutions

(¢) No solution

Every system of linear equations has no
solution, or has exactly one solution or
has infinitely many solutions.

An arbitrary system of ‘m’ linear
equations in ‘#” unknowns can be written as
a,x,+a,x,+..+a, x,=b

a, X, +a,, X, +..+a, x =b,

a, x,+a,,x,+.+a, x,=b,
where X Xppeer X, ATE the unknowns and
the subscripted a’s and b’s denote the constants.

Augmented matrices

A system of ‘m’ linear equations in ‘n’
unknowns can be abbreviated by writing only
the rectangular array of numbers.

all a12 aln bl
(121 (122 aZn bz
_aml amZ amn bn 3

This is called the augmented matrix for

the system and [ 7 is the
Y TR ay,
ay Gy Ay
_aml amZ amn B

coefficient matrix.

Consider the following system of

equations
Xx+y+2z=9
2x+4y—-3z=1
3x+6y—5z=0
2 X 9
=3 |y =|1
5| |z 0
A X = B
1 2
A= -3 is the coefficient matrix
=5
1 1 2 9
and [A,B]=|2 4 -3 1 |is the
3 6 =5 0

augmented matrix.

1.1.4 Testing the consistency of non
homogeneous linear equations (two
and three variables) by rank method.

Consider the equations A X= B in ‘n’
unknowns.

(i) Ifp ([A, B]) =p (A) , then the equations
are consistent.

Applications of Matrices and Determinants I 7 -
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i) If p ([A, B]) =p (A)zn, then the x+ty=> (1)
equations are consistent and have unique y=2
solution. s(1)=> x+2=5

i) 1t p([A B])=p(A)<n, then the x=3

equations are consistent and have infinitely Solutionis x =3, y =2

many solutions.
Example 1.10

Show that the equations 2x+ y =5,
4x + 2y =10are consistent and solve them.

(iv) If p ([A, B]) £p (A) then the equations

are inconsistent and has no solution.

Example 1.9 )
Show that the equationsx+ y=>5, Solution:
2x+ y =48 are consistent and solve them. The matrix equation corresponding to
Solution: the system is
The matrix equation corresponding to 2 1\(x 5
the given system is 4 2y = 10
1 1)(x 5 A X = B
2 1) \ly) |8 1
. Augmented matrix Elementary
A X =B Rl [A,B] Transformation
® Augmented matrix | Elementary 21 5) ®
. ugmented matrix emen
BT [A,B] Transformation 42 4 2 10
[11) (115) NZINzls)RRZR
% —
21 2 1 8 0 0 0 0 0 2 2 1
1 1
N(O J N(l ! s] p(4)=1 p([a.8])=1
B 0 -1 —2/)|R, >R, —2R
p(A)=2 p([A,B])=2 p(A)zp([A,B]) = 1 < number of
unknowns

Number of non-zero rows is 2 .". The given system is consistent and has

infinitely many solutions.
p(A): p([A,B])z 2 =Number of

Now, the given system is transformed
unknowns.

into the matrix equation.
The given system is consistent and has

unique solution. 2 1\(x 5
Now, the given system is transformed 0 0J{y o
into et v =5
1 1)(x) (5 TAXTyE
0 -1y | =2 Let us take y=k, ke R

- 8 I 12" Std. Business Mathematics and Statistics
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=2x+k=5 Solution:
1 (5 k) The matrix equation corresponding to
= the given system is
1 2 1 1)(x 5
xZE(S—k),)/Zk forall keR o1 o1]y|= |a
Thus by giving different values for k, we I -1 2)\z 1
get different solution. Hence the system has A X = B
infinite number of solutions. Element
Augmented matrix [A,B] Transf ary
Example 1.11 ranstormation
Show that the equations 3x —2y =6, 2 1 1
6x —4y=10are inconsistent. 1 1 1 4
1 -1 2
Solution:
The matrix equation corresponding 1 1 1 4 R <R,
to the given system is ~[2 1 1 5
3 2)\(x 6 1 -1 2 1
6 —4){y) |10
1 1 1 4
® AX=B ~lo -1 -1 3| R,>R -2R ®
. -2 1 3 R, —>R,-R
. Augmented matrix = Elementary 3 30071
WA [A,B] Transformation
1 1 1 4
3220 (3 2 6
6 —4 ~l0 -1 -1 -3
B 6 -4 10
0o 0 3 3 R, — R, 2R,
3 =2} |3 2 6
0 0 0 0 -2)R—R-2R p(A)=3, p([A,B])zg,
p (A) =1 |p ([A> B ]) =2 Obviously the last equivalent matrix is in
the echelon form. It has three non-zero rows.
. p([A, B]):z, P (A): 1 0 (A) — p([A,B]):3:Number of
0 (A)ip([A,B]) unknowns .

. o . The given system is consistent and has
. The given system is inconsistent and

. unique solution.
has no solution.

To find the solution, let us rewrite the

Example 1.12 above echelon form into the matrix form.
Show that the equations 1 1 1][x 4

2x+y+z=5,x+ty+z=4,x—-y+2z=1 0 -1 -1||y|=]|-3

are consistent and hence solve them. o o 3/lz 3

Applications of Matrices and Determinants I 9 -

i QB365 - Ouestio%g Bank Software —

‘ ‘ XII Std - Business Maths & Stat EM Chapter 1.indd 9 2/28/2020 5:27:39 PM ‘ ‘



‘ ‘ XII Std - Business Maths & Stat EM Chapter 1.indd 10

QB365 - 0uestio% Bank Software

X+y+tz=4 1

y+z=3 (2)
3z=3  (3)
3)= z=1

(2)= y=3-2z=2
1) =>x=4-y—-z
x=1
Sox=1, y=2, z=1

Example 1.13
Show that the equations x+ y +2z =6,

x+2y+3z=14,x+4y+7z=30 are
consistent and solve them.
Solution:

The matrix equation corresponding to
the given system is

11 1) («x 6
1 4 7 z 30
A X = B
Augmented matrix [A,B] Elementary
o ’ Transformation
1 1 1 6
1 2 3 14
1 4 7 30
1 1 6
~ 2 R, - R, —R,
2 4 16 R, >R, —R,
1 1 1
0 0 0 O R, —> R, —2R,

p(4)=2, p([4,B])=2

Obviously the last equivalent matrix is in
the echelon form. It has two non-zero rows.

p([A.B])=2, p(4)=2

- 10 I 12" Std. Business Mathematics and Statistics

p(A) = p([A, B]) =2 < Number

of unknowns.

The given system is consistent and has
infinitely many solutions.

The given system is equivalent to the
matrix equation,

S O

([

S NN =

NI SR
Il

S o O\

X+y+z=6 (1)
y+2z=8 (2
(2)=> y=8-2z,
(1)= x=6-y—-2=6—-(8-2z2)—2z=2-2

Let us take z=kkeR, we get
x=k—2,y=8-2k, Thus by giving different
values for k we get different solutions. Hence
the given system has infinitely many solutions.

Example 1.14

Show that the equations are inconsistent:
x—4y+7z=14,3x+8y —-2z=13,
7x—8y+26z=5

Solution:

The matrix equation corresponding to

the given system is

1 4 7 X 14

3 8 2 y| =113

7 -8 26 z 5

A X = B

. Elementary
Augmented matrix [A,B] Transformation

1 -4 7 14
3 8 -2 13
7 -8 26 5

QB365 - Ouestio%g Bank Software
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4 7 14
~l0 20 —23 —29| | R,—>R,-3R
20 23 -93| | R, >R, -7R,
1 -4 7 14
~l0 20 —23 -29
0 0 64 R, >R, —R,

P (4)=2 p([A5])=3

The last equivalent matrix is in the
echelon form. [A, B] has 3 non-zero rows and
[A] has 2 non-zero rows.

p([A B])=3  p(a)=2

o (4)2 0 ([4.5])
The system is inconsistent and has no
solution.

Example 1.15

Find k, if the equations x +2y — 3z = -2,
3x —y—2z=1, 2x + 3y — 5z = kareconsistent.
Solution:

The matrix equation corresponding to
the given system is

1 2 -3) («x )
3 -1 2| |yl=]1
2 3 =5 z k
A X = B
Augmented matrix [A,B] Trf.:leslg)?;gon
1 2 -3 =2
-1 -2
3 -5 k
2 -3 =2
~l0 =7 7 7 R, >R, -3R,
0 -1 1 4+k R, - R, —2R,
1 2 -3 -2
~l0 =7 7 7
0 0 0 21+7k R, >7R,—R,

p (A)=2, p ([A, B])=20r3

For the equations to be consistent,

o (4 B])=p (4)=2

21+7k=0
7k=-21.
k=-3

Example 1.16

Find k, if  the equations
X+y+z=7,x+2y+32z=18, y+kz=6
are inconsistent.

Solution:

The matrix equation corresponding to
the given system is

1 1 1) («x 7
1 2 3 y| =18
01 k) |z 6
A X = B
Augmented matrix [A,B] Trfllfslil::)erlllitl:lt‘iyon
1 11 7
2 3 18
01 kK 6
1 7
~ 1 2 11 R, =R, -R,
1 k 6
1 1 7
~[0 1 2 11
0 k-2 -5 Ry —> R, —R,

p(A)=20r3, p([AB])=3
For the equations to be inconsistent
p([4B])#p (4)
It is possible if k—2=0.

k=2

Applications of Matrices and Determinants I 11 -
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Example 1.17
Investigate for what values of ‘a’” and ‘b’

the following system of equations

x+y+z=6, x+2y+3z=10,
x+2y+az=>b have (i) no solution

(ii) a unique solution (iii) an infinite number

of solutions.

Solution:
The matrix equation corresponding to
the given system is

1 1 1) (x 6
12 3||y[=]|10
1 2 a z b
A X =B
Augmented matrix [4,B] Trizlz;ﬁzgon
111 6
1 2 3 10
1 2 a b
1 1 6
~ 1 2 4 R, =R, — Ry,
1 a-1 b-6| |R,—>R,—R
1 1 6
~ 1 2 4
0 a-3 b-10| |R,—>R,—R,

Case (i) For no solution:
The system possesses no solution only when
p(A);t p([A,B]) which is possible only when
a—3=0and b—-10#0

Hence for a=3, b#10, the system
possesses no solution.

Case (ii) For a unique solution:
The system possesses a unique solution only
when P (A) =p ([A,B]) =number of

unknowns.

iewhen p(A)=p([A,B])=3

- 12 I 12" Std. Business Mathematics and Statistics
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Which is possible only when a—3#0 and b
may be any real number as we can observe .

Hencefor a # 3 and b € R, the system possesses
a unique solution.

Case (iii) For an infinite number of solutions:
The system possesses an infinite number
of solutions only when

p (A)= p ([A, B]) <number of unknowns

i,e when p(A)=p ([A, B])z 2 <3 ( number of
unknowns) which is possible only when
a-3=0, b—-10=0

Hence for a = 3, b =10, the system possesses
infinite number of solutions.

Example 1.18

The total number of units produced (P)
is a linear function of amount of over times
in labour (in hours) (I), amount of additional
machine time (m) and fixed finishing time (a)

ie,P=a+bl+cm

From the data given below, find the

values of constants a, band ¢

. Additional
prdsion L i Tine
(in Hrs m)
Monday 6,950 40 10
Tuesday 6,725 35 9
Wednesday 7,100 40 12

Estimate the production when overtime
in labour is 50 hrs and additional machine time
is 15 hrs.

Solution:
We have, P=a + bl + cm

Putting above values we have
6,950 = a + 40b + 10c
6,725 =a + 35b + 9c
7,100 = a + 40b + 12¢

The Matrix equation corresponding to
the given system is

QB365 - Ouestio%g Bank Software
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6950 % Exercise 1.1

1 40 10)(a
L35 9 ||b|=16725 1. Find the rank of each of the following
1 40 12)(c 7100 matrices
A X = B (5 6 (1 -1
Augmented matrix [A,B] ety ! 7 8 & 3 -6
8 ’ Transformation
2 -1 1
1 40 10 6950 i) (1 4 w3 1 =5
1 35 9 6725 ) 8 1 1 1
1 40 12 7100
-1 2 =2 1 2 -1
40 10 6950 V) 4 -3 4 |vi)|2 4 —2
~[0 -5 -1 225 |[Ry=R-R -2 4 —4) |36 3 -7
0 0 2 150 R, — R, —R, 3 1 -5 _1
vii) [1 -2 1 =5
(4)=3.0([4.B])=3
1 5 =7 2
.". 'The given system is equivalent to the matrix . ) 3 4
equation B
1 40 10\(a) (6950 vii) (-2 4 -1 -3
® 0 =5 —1||b|=|-225 -1 2 7 6 ®
0 0 2)lc 150 1 1 -1 1 =2 3
a+40b+10c =6950 (1) 2.If A=|2 =3 4jand B2 4 o6,
3 =2 3 5 1 -1
—5b—c=-225 (2
¢ ( ) then find the rank of AB and the rank of BA.
2c=150  (3)
- 3. Solve the following system of equations by
c=

rank method: x+y+z=9,

2x+5y+7z=52, 2x—y—2z=0
Now, (2)=> —5b—75=-225 ) 4

4. Show that the equations 5x +3y+7z =4,

b=30 3x+26y+2z=9, 7x+2y+10z=5 are
and (1)=> a+1200+ 750 = 6950 consistent and solve them by rank method.
a=15000 5. Show that the following system of equations
2=5000, b=30, c=75 have unique solution: x + y +z =3,
X+2y+3z=4, x+4y+9z=6 byrank
.". The production equation is method.

P =5000 + 300 +75m 6. For what values of the parameter A , will the

P 5o mors = 2000+ 30(50) + 75(15) following equations fail to have unique
7625 solution: 3x—y+Az=12x+y+z=2,
x+2y—Az=-1 by rank method.
.. 'The production = 7,625 units.

Applications of Matrices and Determinants I 13 -
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7. 'The price of three commodities X,Y and
Z are x,y and z respectively Mr.Anand
purchases 6 units of Z and sells 2 units of X
and 3 units of Y. Mr.Amar purchases a unit
of Y and sells 3 units of X and 2units of Z.
Mr.Amit purchases a unit of X and sells 3
units of Y and a unit of Z. In the process
they earn X5,000/-, X2,000/- and %5,500/-
respectively Find the prices per unit of three
commodities by rank method.

8. An amount of I5,000/- is to be deposited
in three different bonds bearing 6%, 7%
and 8% per year respectively. Total annual
income is I358/-. If the income from first
two investments is I70/- more than the
income from the third, then find the amount
of investment in each bond by rank method.

1.2 Cramer’s Rule

Gabriel Cramer, a Swiss mathematician born
in the city Geneva in 31 July 1704. He edited the
works of the two elder Bernoulli’s, and wrote on
the physical cause of the spheriodal shape of the
planets and the motion of their apsides (1730),
and on Newton’s treatment of cubic curves
(1746).

In 1750 he published Cramer’s Rule, giving a
general formula for the solution of certain linear
system of n equations in n unknowns having a
unique solution in terms of determinants.
Advantages of Cramer’s rule is that we can find
the value of x, y or z without knowing any of the
other values of x, y or z. Cramer’s rule is
applicable only when A#0(Ais the
determinant value of the coefficient matrix) for
unique solution.

Theorem (without proof) Cramer’s Rule:

— ~ - - — —

Consider, |dy, ay, ... a, ||x b,
aZl a22 e aZn x2 _ 2
_anl anZ annd __xn_ _bnd

- 14 I 12" Std. Business Mathematics and Statistics
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If AX = B is a system of n linear equations
in ‘#w’ unknowns such that det (A) #0, then the
system has a unique solution.

This solution is,
B det (A1) B det (Az) B det (An)

| , Xy = s s X, =
det A det A det A

where A, is the matrix obtained by replacing
the entries in the j" column of A by the entries
in the matrix b

1.2.1 Non Homogeneous linear equations
upto three variables
(a) Consider the system of two linear
equations with two unknowns.

ax+by=d,
a,x+b,y=d,
Let a=|® % AN LI
a b x d, b, 7o|ay, 4,

The solution of unknown by Cramer’s rule is

_Ax _ &y
N A

(b) Consider the system of three linear

X provided A#0

equations with three unknowns
ax+by+cz=d,
a,x+b,y+c,z=d,

a,x+by+c,z=d,

a b ¢ d b ¢

Let A=|a, b, ¢ |#0 A,=|d, b, ¢
a; by ¢ d, by

a d ¢ a, b d

A =la, d, ¢ A,=la, b, d,

a; dy ¢ a; by dy

Solution of unknown by Cramer Rule is
_Ax Ay Az

x , Y= =
A A A

b

QB365 - Ouestio%g Bank Software
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Example 1.19
Solve the equations 2x + 3y = 7, 3x + 5y

=9 by Cramer’s rule.
Solution:
The equations are
2x+3y=7
3x+5y=9
2 3
Here A= =1
3 5
#0

.". we can apply Cramer’s Rule

3 2 7
Now A = = = =-3
* 5 7139
.". By Cramer’s rule
_Ax 8 _ o Ay _ B,

A1 C7TAT
Solutionis x=8,y=-3

Example 1.20

The following table represents the
number of shares of two companies A and B
during the month of January and February and
it also gives the amount in rupees invested by
Ravi during these two months for the purchase
of shares of two companies. Find the the price

per share of A and B purchased during both the

months.
Number of Shares of the | Amount invested
Months company
A | B
January 10 5 125
February 9 12 150
Solution:

Let the price of one share of A be x
Let the price of one share of B be y

By given data, we get the following

equations
10x+5y =125

9x+12y =150

QB365 - Ouestio% Bank Software

10
= =75#0
9 12
3 125 5 _750 A 10 125 375
1150 12| L9 150 |
.". By Cramer’s rule
A A
A 75 A 75
The price of the share A is Y10 and the
price of the share B is 5.

Example 1.21

The total cost of 11 pencils and 3 erasers
is T 64 and the total cost of 8 pencils and 3
erasers is T49. Find the cost of each pencil and
each eraser by Cramer’s rule.

Solution:
Let ‘X’ be the cost of a pencil
Let °y’ be the cost of an eraser

By given data, we get the following

equations
11x+3y=64
8x+3y=49
11 3
= g =9 # 0. It has unique solution.
64 3 11 64
Y149 3 718 49
By Cramer’s rule
A 45 A 27
A 9 A 9

The cost of a pencil is T 5 and the cost of
an eraser is < 3.

Example 1.22

Solve by Cramer’s rule x+y+z=4,
2x—y+3z=1, 3x+2y—z=1

Solution:

1 1 1
Here A=|2 -1 3 | =13#0
3 2 -1

Applications of Matrices and Determinants I 15 -

QB365 - Ouestio@g Bank Software

2/28/2020 5:28:07 PM ‘ ‘



Example 1.23

The price of 3 Business Mathematics
books, 2 Accountancy books and one
Commerce book is ¥ 840. The price of 2 Business
Mathematics books, one Accountancy book and
one Commerce book is ¥ 570. The price of one
Business Mathematics book, one Accountancy
book and 2 Commerce books is X 630. Find the
cost of each book by using Cramer’s rule.

Solution:
Let ‘X be the cost of a Business
Mathematics book

Let ‘y’ be the cost of a Accountancy book.

Let ‘Z be the cost of a Commerce book.

w 3x+2y+z=2840
2x+y+z =570
x+y+2z =630

- 16 I 12" Std. Business Mathematics and Statistics
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The cost of a Business Mathematics book
is 1120, the cost of a Accountancy book is 3150
and the cost of a Commerce book is ¥180.

Example 1.24

An automobile company uses three
types of Steel S, S, and S, for providing three
different types of Cars C, C, and C,. Steel
requirement R (in tonnes) for each type of car
and total available steel of all the three types are
summarized in the following table.

Types of Types of Car Total Steel
Steel available
s, 3 2 4 28

S, I 13
S, 2 | 2| 1 14
Determine the number of Cars of each

type which can be produced by Cramer’s rule.

Solution:
Let ‘x” be the number of cars of type C,

.. We can apply Cramer’s Rule and the system Here
is consistent and it has unique solution. 3 2 1
4 1 1 A=|2 1 1|=-2#0
A,=|1 -1 3 |=-13 1 1 2
bz 840 2 1
1 4 1 1 1 4 A, =570 1 1|=-240
31 -1 2 1
3 840 1
By Cramer’s rule A , =2 570 1|=-300
_Ax 13 1 630 2
A 13
_ﬂ_g_:‘; _g_é_z 3 2 840
A 13 A 13 A, =2 1 570 |=-360
The solution is (x,y,z) = (—1,3,2) 1 1 630
T’ - ,
YOU A By Cramer’s rule
MEZ KNOW? - -
If |A|=0, then the system of ‘= Ax _ 240 _ 120
equations has either no solution A A —2A
oo (R . =300 z —360
or infinitely many solutions. 2T 150 =25 g0
® : FY YTA T AT ®
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Let °y’ be the number of cars of type C,

Let z’ be the number of cars of type C,
3x+2y+4z=28

X+y+2z=13
2x+2y+z=14
3 2 4
Here A=|1 1 2[=-3#0
2 21
28 2 4
A =13 1 2|=-6
14 2 1
3 28 4
Ay= 1 13 2|=-9
2 14 1
3 2 28
A, =1 1 13|=-12
2 2 14

By Cramer’s rule

x:&:_—6:2
A -3
_Ay S, Az 12
A -3 A =3

The number of cars of each type which
can be produced are 2, 3 and 4.

* Exercise 1.2

1. Solve the following equations by using
Cramer’s rule

(i) 2x + 3y =7; 3x + 5y =9

(i) 5x + 3y = 3x + 7y = 31

iii)2x +y —z =3, x+y +z =1,
x—2y—3z =4

(ivyx +y +z =26, 2x + 3y—z =5,
6x—2y— 3z = =7

QB365 - Ouestiogﬁ Bank Software

(v) x + 4y + 3z

=2, 2x—6y + 6z=-3,

5x— 2y + 3z =5

2. A commodity was produced by using 3
units of labour and 2 units of capital, the
total costis X 62. If the commodity had been
produced by using 4 units of labour and one
unit of capital, the cost is ¥ 56. What is the
cost per unit of labour and capital? (Use
determinant method).

3. A total of ¥ 8,600 was investe% in
two accounts. One account earned 4 Z%
annual  interest and the  other
earned 6 l% annual interest. If the total
interest for one year was I 431.25, how
much was invested in each account? (Use
determinant method).

4. At marina two types of games viz., Horse
riding and Quad Bikes riding are available

on hourly rent. Keren and Benita spent
X780 and 3560 during the month of May.

Number of hours Total amount
Rldmg (in3)
Keren 780
Benita /) 3 560

Find the hourly charges for the two games
(rides). (Use determinant method).

5. In a market survey three commodities A,
B and C were considered. In finding out
the index number some fixed weights were
assigned to the three varieties in each of the
commodities. The table below provides the
information regarding the consumption of
three commodities according to the three
varieties and also the total weight received

by the commodity.

Commodity
e
A 1 2 11
B 2 4 5 21
C 3 5 6 27

Applications of Matrices and Determinants I 17 -
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Find the weights assigned to the three Determine the market share of each brand
varieties by using Cramer’s Rule. in equilibrium position.
6. A total of ¥ 8,500 was invested in three .

. . . Solution:

interest earning accounts. The interest

rates were 2%, 3% and 6% if the total Transition probability matrix

simple interest for one year was 3380 and A B

the amount invested at 6% was equal to A(09 01

the sum of the amounts in the other two T= B(O 30 7)

accounts, then how much was invested in

each account? (use Cramer’s rule). At equilibrium, (A B) T= (A B)

where A+ B=1

1.3 Transition Probability Matrices
1.3.1 Forecasting the succeeding state when 0.9 0.1
the initial market share is given ( ) 03 0.7 - ( B)

One stage Transition Probability

The Occurrence of an event at a specified 0.94+0.38 = A
point in time, put the system in state S ; if after 0.9A + 0.3(1 _ A) _ A
the passage of one unit of time, another event
occurs, that is the system moved from the 09A-03A+03 = A

state S to S .. This movement is related to a

probability distribution, there is a probability 064+03 = A
associated with each (move) transition from 044 =03
® event S to S . This probability distribution is ®
called one stage transition probability. A = 0.3 = 3
04 4

Transition Matrix B = 1- E =l

The transition Probabilities Py satisfy 4 4
Py >0, Zij =1 forallj Hence the market share of brand A is 75%

k and the market share of brand B is 25%

These probabilities may be written in the

matrix form P, P, P, .. Example 1.26
P, P, P, .. Parithi is either sad (S) or happy (H) each
P= day. If he is happy in one day, he is sad on the
next day by four times out of five. If he is sad
on one day, he is happy on the next day by two
This is called the transition probability times out of three. Over a long run, what are the
matrix. chances that Parithi is happy on any given day?

Example 1.25

Solution:
Consider the matrix of transition

The transition porbability matrix is
probabilities of a product available in the market P Y

in two brands A and B.
A B

A (09 0.1
B 103 0.7
- 18 I 12" Std. Business Mathematics and Statistics
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12
At equilibrium, (S H) 3 3|2 (S H)
41
5 5
where S+ H=1
1 4
—-S+—-H =S
3 5
1 4
—(1-H)+—H = 1-H
3 5
On solving this, we get
S = Eand H:i
11 11

In the long run, on a randomly selected day,
his chances of being happy is ER
11

Example 1.27

Akash bats according to the following
traits. If he makes a hit (S), there is a 25% chance
that he will make a hit his next time at bat. If
he fails to hit (F), there is a 35% chance that he
will make a hit his next time at bat. Find the
@ transition probability matrix for the data and
determine Akash’s long- range batting average.

Solution:
The Transition probability matrix is

T =(025 0.75
0.35 0.65
0.25 0.75
At equilibrium, (S F) =(§ F)
0.35 0.65

where S+ F=1
0.258+0.35F=S§

0.25S+0.35 (1 - 8)=$
0.35

On solving this, we get, S = ——
& s 1.10

=S= 0.318 and F=0.682
Akash’s batting average is 31.8%

Example 1.28

80% of students who do maths work
during one study period, will do the maths work
at the next study period. 30% of students who
do english work during one study period, will
do the english work at the next study period.

Initially there were 60 students do
maths work and 40 students do english work.
Calculate,

(i) The transition probability matrix

(ii) The number of students who do maths
work, english work for the next subsequent
2 study periods.

Solution
(i) Transition probability matrix

M E
M(0.8 0.2
T =
E\0.7 03
After one study period,
M E M E M E
M(0.8 0.2
(60 40) =(76 24)
E{0.7 0.3

So in the very next study period, there will be 76
students do maths work and 24 students do the
English work.

After two study periods,
M E M E ®

M((0.8 0.2
E\0.7 0.3

— (60.8+ 16.8 152+ 7.2)

(76 24)

=(77.6 22.4)
After two study periods there will be
78 (approx) students do maths work and 22
(approx) students do English work.

q

M E M E
M08 02Y
(60 40)
E|l07 03
M E M E
M(078 0.22
:(60 40)
E|l0.77 023
- (46.8 +30.8 13.2+9.2)
= (77.6 22.4)

Applications of Matrices and Determinants I 19 -
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* Exercise 1.3

. The subscription department of a magazine

sends out a letter to a large mailing list
inviting subscriptions for the magazine.
Some of the people receiving this letter
already subscribe to the magazine while
others do not. From this mailing list, 45% of
those who already subscribe will subscribe
again while 30% of those who do not now
subscribe will subscribe. On the last letter,
it was found that 40% of those receiving
it ordered a subscription. What percent
of those receiving the current letter can be
expected to order a subscription?

. A new transit system has just gone into

operation in Chennai. Of those who use
the transit system this year, 30% will switch
over to using metro train next year and 70%
will continue to use the transit system. Of
those who use metro train this year, 70%
will continue to use metro train next year
and 30% will switch over to the transit
system. Suppose the population of Chennai
city remains constant and that 60% of the
commuters use the transit system and 40%
of the commuters use metro train next year.

(i) What percent of commuters will be
using the transit system year after the
next year?

(ii) What percent of commuters will be
using the transit system in the long run?

. Two types of soaps A and B are in the

market. Their present market shares are 15%
for A and 85% for B. Of those who bought
A the previous year, 65% continue to buy it
again while 35% switch over to B. Of those
who bought B the previous year, 55% buy it
again and 45% switch over to A. Find their
market shares after one year and when is the
equilibrium reached?

. Two products A and B currently share

the market with shares 50% and 50%

- 20 I 12" Std. Business Mathematics and Statistics
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each respectively. Each week some brand
switching takes place. Of those who bought A
the previous week, 60% buy it again whereas
40% switch over to B. Of those who bought
B the previous week, 80% buy it again where
as 20% switch over to A. Find their shares
after one week and after two weeks. If the
price war continues, when is the equilibrium
reached?

* Exercise 1.4

Choose the correct answer

1.

QB365 - Ouestio%g Bank Software

If A=(1 2 3), then the rank of AAT is
(@ o0 (b) 2
(c) 3 (d)1

The rank of m X#n matrix whose elements
are unity is

(@) 0 (b)1
(c) m (d)n
A B
A(04 0.6
¥ T= Blo2 o8 is a transition
probability matrix, then at equilibrium A is
equal to
1 1
a) — b) —
(a) 1 (b) s
1 1 A
(c) P (d) 3 3 - Ty
BUTUGH
2 0
If A:(O 8} then p(A) is
(@ o0 (b)1
(c)2 (d)n
1 1 1
The rank of the matrix [1 2 3] is
1 4 9
(@0 (b) 1
(c)2 (d)3
The rank of the unit matrix of order n is
(a) n—1 (b) n
(On+1 (d) n*

2/28/2020 5:28:20 PM ‘ ‘
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10.

11.

12.

QB365 - Ouestio% Bank Software

If p(A) =r then which of the following is

correct?

(a) all the minors of order r which does not
vanish

(b) A has atleast one minor of order r which
does not vanish

(c) A has at least one (r+1) order minor
which vanishes

(d) all (r+1) and higher order minors
should not vanish

1
IfA =| 2 | then the rank of AAT is
3
(a)0 (b) 1
(c)2 (d)3
A -1 0
If the rank of the matrix| 0 A -1
-1 0 A
is 2, then \ is
(@)1 (b) 2
()3 (d) onlyreal number
1
2
The rank of the -3
diagonal matrix 0 o
0
(a)0 (b) 2
(c)3 (d)5
A B

A(0.7 0.3
If T= is a transition
Bl10.6 x

probability matrix, then the value of x is
(a) 0.2 (b) 0.3
(c) 0.4 (d)o0.7

Which of the following is not an elementary
transformation?

()R, &> R, (b) R, — 2R, +2C,
() R, >2R, —4R; (d) C, > C, +5C,

13.

14.

15.

16.

17.

18.

Applications of Matrices and Determinants I 2] -

If p(A) = p(A,B) then the system is
(a) Consistent and has infinitely many
solutions

(b) Consistent and has a unique solution

(c) Consistent

(d) inconsistent

If p(A) = p(A,B) = the number of
unknowns, then the system is

(a) Consistent and has infinitely many
solutions

(b) Consistent and has a unique solution
(c) inconsistent

(d) consistent

If p(A) % p(A,B) , then the system is
(a) Consistent and has infinitely many
solutions

(b) Consistent and has a unique solution
(¢) inconsistent

(d) consistent

In a transition probability matrix, all the
entries are greater than or equal to

(a) 2 (b) 1
(c) 0 (d) 3

If the number of variables in a non-
homogeneous system AX = B is n, then the
system possesses a unique solution only when

(a) p(A)=p(A,B)>n
(b) p(A)=p(A,B)=n
(c) p(A) = p(A,B) <n
(d) none of these

The system of
4x+6y=>5,6x+9y=7 has

(a) a unique solution

equations

(b) no solution

(¢) infinitely many solutions
(d) none of these

QB365 - Ouestio%g Bank Software
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19.

20.

21.

22.

23.

24.

25.
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For the system  of  equations
x+2y+3z=1, 2x+y+3z=2
5x+5y+9z=4

(a) there is only one solution

(b) there exists infinitely many solutions
(c) there is no solution

(d) None of these

If |A| # 0, then A is

(a) non- singular matrix
(b) singular matrix

(c) zero matrix

(d) none of these

The system of linear equations
x+y+z=2,2x+y-2z=3,3x+2y+k=4
has unique solution, if k is not equal to

(a) 4 (b)0

(c) -4 (d)1

Cramer’s rule is applicable only to get an
unique solution when

(a) A, #0 (b) A #0
(c) A#0 (d) Ay;to
b b

a a
Ift+-t=c,2+2=c¢
x ) x )y

2)

a b b ¢ G 4
A1 = l’) ’ AZ b A3

a, Y , G 6 4,
then (x, y) is

A, A A, A
(a) —2>—3) (b) (—3,—2)
( AN A A

_l,ﬁ) (d) (__Al,__AI)
Az A3 Az A3

If|A,,,| =3and |ade| = 243 then the
value nis

(a)4 ()5

(c)6 (d)7

Rank of a null matrix is

(@) 0 (b) -1

(c) oo (d)1

- 22 I 12" Std. Business Mathematics and Statistics

Miscellaneous problems

Find the rank of the matrix
1 -3 4 7)-
A=
9 1 2 0

Find the rank of the matrix

-2 1 3 4).
A=[0 1 1 2
1 3 4 7
Find the rank of the matrix
4 5 2 2}
A=[3 2 1 6
4 4 8 0

Examine the consistency of the system of
equations:
Xty+z=7,x+2y+3z=18, y+2z=6

Find k if the equations 2 + 3y—z=5,
3x—y+4z=2,x+7y—6z=kare
consistent.
Find k if the equations x+ y+z =1,
3x—y—z=4,x+5y+5z=kare
inconsistent.
Solve the equations Xx+2y+z=7,
2x—y+2z=4, x+ y—2z=-1by using
Cramer’s rule.
The cost of 2kg. of wheat and 1kg. of sugar
is X100. The cost of 1kg. of wheat and 1kg.
of rice is X80. The cost of 3kg. of wheat, 2kg.
of sugar and 1kg of rice is 3220. Find the
cost of each per kg., using Cramer’s rule.

A salesman has the following record of

sales during three months for three items
A, B and C, which have different rates of
commission.

Sales of units Total commission
Months c
B drawn (in%)
January 90 100 20 800
February | 130 50 40 900
March 60 100 30 850

QB365 - Ouestio%g Bank Software
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Find out the rate of commission on the items others do not. From this mailing list, 60% of

A, B and C by using Cramer’s rule. those who already subscribe will subscribe

again while 25% of those who do not now

10. The subscription department of a magazine subscribe will subscribe. On the last letter

sends out a letter to a large mailing list it was found that 40% of those receiving it

inviting subscriptions for the magazine. ordered a subscription. What percent of

Some of the people receiving this letter those receiving the current letter can be
already subscribe to the magazine while expected to order a subscription?

In this chapter we have acquired the knowledge of:
® Rank of a matrix
The rank of a matrix A is the order of the largest non-zero minor of A

The rank of a matrix A is the order of the largest non-zero minor of A
p(A)=0

If A is a matrix of order mXn, then p(A)< minimum of {m,n}

The rank of a zero matrix is ‘0’

The rank of a non- singular matrix of order nxn is ‘n’
g

Equivalent Matrices
@ Two Matrices A and B are said to be equivalent if one can be obtained from another @
by a finite number of elementary transformations and we write itas A~ B.

® Echelon form
A matrix of order m X n is said to be in echelon form if the row having all its entries
zero will lie below the row having non-zero entry.

® A system of equations is said to be consistent if it has at least one set of solution.
Otherwise, it is said to be inconsistent

= Ifp ([A, B]) =p (A) , then the equations are consistent.
= If p (l:A, B]) =p (A)zn, then the equations are consistent and have unique

solution.

= Ifp ([A, B]) =p (A) <n, then the equations are consistent and have infinitely
many solutions.

= Ifp ([A, B]) £p (A) then the equations are inconsistent and has no solution.
ladja| =|A["
If |A| =0 then A is a singular matrix. Otherwise, A is a non singular matrix.

In AX=B if |A| #0 then the system is consistent and it has unique solution.

Cramer’s rule is applicable only when A#0.

Applications of Matrices and Determinants I 23 -
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GLOSSARY

Augmented B HUUbSSIW, eflifleyuib S L
Commodities CILIM(BL&6IT

Commuters Lwleooflset

Consistent 6(HHISHEMLOE)

Determinant SicooflEB&memel

Echelon form eMILILG 6IG.6)LD

Elementary Transformations

SlqLILemL 2 (HLOMHMIRISET

Equilibrium gLo[blemen
Homogenerous &LoL1 LI &HSITE0T
Inconsistent &(HRISHEMLOE) SIHM
Intersecting 616UL G &ESTETEMHLD

Linear equations
Matrix
Matrix equation

Non homogeneous

Giflw &LedTUMha6iT
Si6v0fl
Siev0fl FLO6OTLIM(H

SIFLOL1 LIl SHSHIT60T

Non- Singular matrix Lhe2efluiomm Gasmemey Sievofl
Non trivial solution eeuefiliLemLWIHm Hiiey
Order auflems

Production 2 pusdl

Rank SILD

Singular matrix Ih2e8luis Cameney Sievofl
Square matrix FHIT Sievof]

Subsequent QBT &Fwimeot

Transit system CuNsGeUT &8 SHemLoLIL

Transition 15lemed LoMMHMLD
Trivial solution eeuefiliLemL & &6y
Unique solution &Cr Q@ ey
Unknown asflung

Variables Lomm&ei
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SULTANEOUS EGUATIONS (CRAMERS RULE)
4 3 2
. a;4 b3 ¢y2 d, 320 A= aiil =t
Expected Result is shown = . s
in this picture == pE R
P )
Ay=|2 560 6 |=2000
6 380 3
4 3 320
Az=|2 4 560 | = 3000
6 2 80
. Az
4z + 3y + 22z = 320 L e
2z + 4y + 6 = 560 Sy
6z + 2y + 3z = 380 y="7 =40
Solution: (20, 40, 60) Az
e
OVER THE PICTURE T0 ROTATE=

Step — 1 : Open the Browser, type the URL Link given below (or) Scan the QR Code. GeoGebra

work Book named “12th Standard Business Mathematics & Statistics” will open. In the work book
there are two Volumes. Select “Volume-1".

Step - 2 : Select the worksheet named“Matrices and Determinants-Cramer’s rule” . There is a

question based on Cramer’s rule.Change the coefficients of x, y and z by typing the no.s in the
respective boxes. Move the 3D picture and see the nature of solution.

€2 12th Standard Business X

e O @ & hitpsy//www.geogebra.org/n * ) A S

= GeaGebra <

T Sndard Business < 12th Standard Business Mathematics

Author: DVasu Raj
Topic: Equations

€2 Volume-1-GeoGebra X

= > O @ & hitps://www.geogebra.org) * * L8
= GenGebra <
12th Standard Business Mathematics Volume-1
Volume-1
L
P —— £23 .
Integration-Gamma Integral . N
farket Equiibriu
Matrices and Integration- Market Consumers'
Determinants- Gamma Integral Equilibrium Surplus
Producers’ Surplus
€s.Ps and Avea = —==
Differential Equation e

Browse in the link

12t Standard Business Mathematics and Statistics :
https://ggbm.at/uzkcrnwr (or) Scan the QR Code.

B284_12_BUS_MAT_EM

Applications of Matrices and Determinants I 25 -
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Introduction

eorg Friedrich
Bernhard Riemann (Nineteenth

century) was an inspiring German

mathematician. He was very much recognised for his

contribution in calculus.

Calculus divides naturally into two parts, namely
(i) differential calculus and (ii) integral calculus. Differential
Bernhard Riemann calculus deals with the derivatives of a function whereas, integral
(17" September 1826 calculus deals with the anti derivative of the derived function that
- 20" July 1866) e 1 . . . .
is, finding a function when its rate of change / marginal function
is known. So integration is the technique to find the original
() function from the derived function, the function obtained is called the indefinite integral. Definite ®
integral is the evaluation of the indefinite integral between the specified limits, and is equal to
the area bounded by the graph of the function (curve) between the specified limits and the axis.
The area under the curve is approximately equal to the area obtained by summing the area of
the number of inscribed rectangles and the approximation becomes exact in the limit that the
number of rectangles approaches infinity. Therefore both differential and integral calculus are
based on the theory of limits.

The word ‘integrate’ literally means that ‘to find the sum’ So, we believe that
the name “Integral Calculus” has its origin from this process of summation.
Calculus is the mathematical tool used to test theories about the origins of
the universe, the development of tornadoes and hurricanes. It is also used to
e ] find the surplus of consumer and producer, identifying the probability density
ETZ2MG | function of a continuous random variable, obtain an original function from its

marginal function and etc., in business applications.

In this chapter, we will study about the concept of integral and some types of method of
indefinite and definite integrals.

- 26 I 12" Std. Business Mathematics and Statistics
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Learning Objectives Definition 2.1
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After studying this chapter, the students will
be able to understand

® the indefinite integral.

® how to find the indefinite integral of
a function involving sum, difference
and constant multiples.

® how to use and where to apply the
substitution technique in indefinite
integrals.

® the techniques involved in integration
by parts and some special type of
integrals.

® the fundamental theorems of integral
calculus.

® the properties of definite integral and
its applications.

® the application of a particular case of
gamma integral.

® the properties of gamma function.

® the evaluation of the definite integral
as the limit of a sum.

2.1 Indefinite Integrals
2.1.1  Concept of Indefinite Integral

In differential calculus, we have learned
how to calculate the differential coeflicient
f’(x) of a given function f (x) with respect to
x. In this chapter, we have to find out the
primitive function f (x) (i.e. original function)
whenever its derived function f’(x) (ie.
derivative of a function) is given, such process

is called integration or anti differentiation.

.. Integration is the reverse process of

differentiation

d .
We know that E(Sm X)=COSX. Here
cos x is known as Derived function, and sin x
is known as Primitive function [also called as

Anti derivative function (or) Integral function].

A function F(x) is said to be a
primitive function of the derived

function f(x), if L [F(x)]= f(x)
dx

Now, consider the following examples
which are already known to us.

%(x3)=3x2, %(x3+5)=3x2,
%(x3—%)=3x2, %(x3+e)=3x2,
% (x3 —7T)=3x2,

From the above examples, we observe
that 3x” is the derived function of the primitive
functions x°, x° +5, x° -3, X’ +e, x’—m,

. and which indicates that the primitive
functions are need not be unique, even though
the derived function is unique. So we come to a
conclusion that x° + ¢ is the primitive function

of the derived function 3x2.

.". For every derived function, there are
infinitely many primitives by choosing ¢
arbitrarily from the set of real numbers R. So we
called these integrals as indefinite integrals.

In general,

J [F(x)]=f(x) = Jf(x)dx=F(x)+c,

dx
where c¢ is called the constant of
integration.

Remarks
® If two different primitive functions
F(x) and G(x) have the same
derived function f(x), then they
differ only by a constant term.
® J f(x)dx is called as indefinite
integral.

Integral Calenlus — 1 I 27 -
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® The symbol looks like an elongated S
[ J- ], which stands for “summation”
is the sign of integration.

® Jf(x) dx is read as integral of f (x)
with respect to x.

L f(x) in J.f(x) dx [i.e. the function
to be integrated] is called as integrand.

® x in j f(x) dx is the variable of
integration.

® The term integration means the
process of finding the integral.

® The term constant of integration
means any real number ¢, considered
as a constant function.

Definition 2.2

The process of determining an integral of a
given function is defined as integration of a
function.

2.1.2 Two important properties of
Integral Calculus
(i) if k is any constant, then
[k fx) dx =k [ f(x) dx
(ii) if f (x) and g(x) are any two functions,
then

J[7)+ g0 dx = [ £x) dr £ [g(x) dx

Methods of Integration
The following are the four principal
methods of integration.
(i) Integration by decomposition.
(ii) Integration by parts.
(iii) Integration by substitution.
(iv) Integration by successive reduction.

Integrate a function f(x) rgeans, finding a

function F(x) such that F _
—|F(x)+c|= f(x
» [F(x)+c]=f(x)

Here, we discuss only the first three methods of
integration, because the method of integration

by successive reduction is beyond the scope of
the syllabus.

- 28 I 12" Std. Business Mathematics and Statistics
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2.1.3  Integration by decomposition

Apply this method, whenever the integrand
is impossible to integrate directly, but it can be
integrated after decomposing into a sum or
difference of integrands whose individual integrals
are already known.

The integrals which are directly obtained from
their corresponding derivatives are known as
the standard results of integration.

Some standard results of integration

Type: 1

. . xn+1

(i) Jx dx=n+1+c, nz—1

. 5 _(ax+b)’“r1 _
(ii) '[(ax+b) dx_—a(n+1) +c,n#—-1

y =[fx) dx =F(x)+c
denotes family of curves having
parallel tangents at x =k

Example 2.1

ax’ +bx+c
Evaluate J.

Jx
Solution:

Jax2+bx+c

dx
Jx

3 1 1

dx

jax2+bx2+cx * |dx

= ajx;dx + bj x%dx+ cjx_ %dx
5 3
1

2ax°  2bx’ 5
= + +2cx” +k

5 3

de=x+c
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Example 2.2

Evaluate j\/ 2x +1dx

Solution:

J\/2x+1dx :J.(2x+1)

(zx + 1)

N —

o] w

3

X 1
=  +2x——+c
3 X

Example 2.5

Evaluate j(x3 + 7)(x — 4) dx

Solution:

M KNOW?
Ja(ax+ b)" dx= I(ax+ b)" d(ax+ b)

J(x2+7)(x —4)dx

= j(x4 —4x° +7x—28) dx
5 2
=M+C - i—x4+7i—28x+c
n+1 > 2
Example 2.6
2 —
Example 2.3 e Evaluate j 2x” ~1x+24 dx
Evaluate J. > x=3
(2x+3) _
Solution: Solution:
J- dx ~ J- (2x N 3)_2dx By factorisation,
(2 +3)’ ) 2x% —14x+24=(x—3)(2x - 8)
= +c
22x+3
® , (x+3) J-2x2—14x+24 i = I(x—3)(2x—8) 0 ®
_ v““““ < x—3 - x—3
P now? = J(Zx - 8)dx
2
= x*-8
(i) J.idxz - L +c,n#l X x+c
x" (n — 1) x" ! Example 2.7
ax + Evaluate I xX+2 dx
(i) = J2x+3
'[ ax + b j ax + b) x
1 Solution:

Example 2.4

Solution:

J'(x+%)2 dx =J(x2 +2+i) dx

= J.xzdx+2J’dx +J.%dx

2
1

Evaluate J x+—) dx
X

x+2

Split into simple integrands
1
1(2x+4)

NV2x+3

(2x+3)+1

1

(2x+3)

{(Zx +3)

1

l\)lr—ﬂ

(2x+3)
1
2 2

(2x+3);}

1

Integral Calenlus — 1 I 29 -
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2 3
Example 2.8
1
EvaluateJ. dx
Jx+2 —x-2
Solution:
By rationalisation,

1 _ 1 ><\/x+2+\/x—2
Ve+2-x-2 Jx+2-Vx-2 Jx+2+x-2
NXx+2+x-2

- 4
1
j dx
\/x+2—\/x—2

_ Jx+2++x-2
—J 1 dx

(x+2)2+(x—2) +c

* Exercise 2.1

Integrate the following with respect to x.

2
4
1. v/3x+5 2. (9362 ——)

3
2

O\ |—

2

X
3. (3+x)(2—5x) 4, \/; (x3 —2x+3)
8x+13

1
5, —/—— 6.
NaAx+7 Vx+1l++4x-1

7.1f f/(x)=x+0b, f()=5 and f(2)=13,
then find f(x)

Example 2.9
3x% +2x+1
Evaluate j—dx
X
Solution: ,
3x"+2x+1 1
judx = j(3x +2+ —)dx
X X
3 2
= %+ 2x+ log‘x‘+c
Example 2.10
Evaluate
3x+5
Solution:
2 1
J dx =2 J. dx
3x+5 5 3x+5
=3 log ‘3x+ 5‘ +c
N0 AA
g YOU N
M4 KNOW?
dlax+b
AR LICAL)
ax+b ax+b
=log |ax+b|+c
Example 2.11
X +2x+3
Evaluate j— dx
x+1
Solution:
Split into simple integrands
42543 (x2 +2x+1)+2
x+1 x+1
2
=(x+1)+—
x+1
2
+2x+3 2
Jli dx = j{(x+1) + —}dx
x+1 x+1

2
= x?+ x+210g‘x+1‘+c

Example 2.12

3 2
+5x° -9

8. If f’(x)=8x"—2x and f(2)=8,then Evaluate j%dx
X

find f(x) Solution:
Type: Ill By simple division,
(i) j;dx = 10g|x|+c X3 4552 —9 ) 3
p 1 1 ————— =X +3x—-6+——
(ii) j dx =—log |ax+b|+c x+2 x+2
ax+b a

- 30 I 12" Std. Business Mathematics and Statistics
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J~x3+5x2—9
xX+2
3 2
3
= x?+ %—636 +3 log |x+2|+c

Example 2.13

dx = J|:x2+3x—6+ 3 :|dx
xX+2

Evaluate j 7x——1 dx

x> —5x+6
Solution:

By partial fractions,
7x—1 A B
2 - +
x"=5x+6 x—-3 x-2
7x—1 20 13

x2—5x+6_x—3_x—2

[ Tx-1 J[ 20 13 ]

x> —5x+6 x—=3 x-2]
dx dx
= 20 —-13
J.x—3 J‘x—2

= 2010g|x—3|—1310g|x—2|+c

Example 2.14

3x+2
Evaluate j X dx

(x-2) (x3)

Solution:

By partial fractions,

3x+2 A B ©

(=2 (r-3) (=2 (x-2f (-9
N 3x+2 __ 11 _ 8 11
(2 (x-3)

(=) (-2 ()

J' 3x+2

(x-2) (x-3)
/ ‘<x—z>‘<x_z>2*<x—s>}"x

dx dx dx
_11j(x_2) _Sj(x—z)z +HJW

dx

—1110g|x—2|+i+1llog|x—3|+c
x=2

x—3
xX—2

+

11log

Example 2.15

+c
x—2

3x2 +6x+1

Evaluate j

Solution:

dx

(x + ?))(x2 + 1)

By partial fractions,

3x2 +6x+

1 A

Bx+C

(c+3)(+1) +3) (1)

3x2 +6x+

1 1 2x

(3 +1) (+3) (1)

dx

J 3x% +6x+1
(

X+ 3)(x2 +1)

1 2x
R RN

dx 2x
= J(x+3)+j( +1)dx

1.

3.

2
X

log|x+3|+log‘x2 +1‘+c

log ‘(x + 3»)(x2 + 1)‘ +c

log‘x3+3x2+x+3‘+c

% Exercise 2.2

Integrate the following with respect to x.

()
x+2

3x+2

" (=2)(x—3)

3x> —2x+5

" (x - 1)(x2 + 5)

xt=x*+2
x—1
3 2
4 x +3x"—7x+11

xX+5
4x* +2x+6

(x+1)(x-3)

1
8. If f(x)=— and
X

)= %, then find f(x)

Integral Caleulus — 1 I 31 -
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Type: 111
(i) jexdx =e"+c
1
(11) J’eax+bdx :_eax+b +c
a
(iii) Ja" dx= a*+c,a>0
loga
and a #1
1
(iv) Jam“”dx = a™"+c,a>0
mloga
and a #1
Example 2.16
Evaluate j32x+3 dx
Solution:
-"32x+3 dx — -“3236 _33 dx
= 37| 3%dx
J. 2x
=27 +c
2log3
o ¢
M4 KNOW?
Jmam”" dx = Jam”" d(mx I n)
® =—a™"+¢, a>0and a#1
loga
Example 2.17 oF 47
Evaluate . dx
Solution: ¢
+7 .
J’e dx f 1+7e )dx
e —
=x—7e  +c
no_ ¢
— ‘““
A4 KNOW? 2
i _[ (Zax + b) e e gy
2
= je‘”‘ thxte d(ax2 +bx + c)
2
— eax +bx+c + k
Example 2.18 2x
545
Evaluate J.x;e_xdx
e’ +e
Solution:
J' 5 + Sezx J ( )
e +e e“+e
= SJ. e“dx
= 5¢" +¢

- 32 I 12" Std. Business Mathematics and Statistics

Example 2.19

Evaluate ( ix) dx
e
Solution:
j(e +—) dx = ( +—|—2)dx

j e +e +2)dx

2x —x
e

= +2x+c
2 2

* Exercise 2.3

Integrate the following with respect to x.

1. xloga +ealoga _enlogx
xlogb 5
) % 3. (ex +1) e’
prloga px
e3x _e—3x e3x +eSx
R e
e e +e
(x+l) 1
T
* x(log x)
8. If f'(x)=e"and f(0)=2,then find f(x) @
Type: IV
(i)J.sinxdx = —cosx+c

(ii) jsin(ax +b) dx =— 1 cos (ax+ b)+ c
a

(iii) jcosxdx =sinx +¢

(iv) Jcos(ax +b)dx = lsin(ax +b)+c

a

(v) jseczxdxz tanx +c¢

(vi) Jsecz(ax +b)dx =ltan(ax +b) +c
a

(vi) J.cosecz xdx = —cotx +c¢

(viii) J‘cosec2 (ax + b) dx =— 1 cot (ax + b) +c
a

Example 2.20
Evaluate j(Z sinx — 5cos x) dx
Solution:

j(ZSiHX—5COSX) dx = stinxdx—SJcosxdx

—2cosx —5sinx +¢
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Example 2.21
Evaluate J.sinz xdx

Solution:

Change into simple integrands
cos2x = 1—2sin’ x

1
sosin?x = 3 (1—cos2x)

J.sin2 xdx I%(l - cost) dx

%[Idx ~[cos2xdx |

1 sin2x
=—|x— +c
2 2

COS2x
Evaluate Jz— dx

sin® x cos® x

Example 2.22

Solution:

Change into simple integrands

2 . 2
COS2X _cos"x—sin" x

Sin2 X COS2 X Slin2 X C0821X

sinx cos’x

= COS€C2 X — sec2 X

2
[ —dx = _[(cosecz x — sec’ x)dx
Sin- XCOS X
= —cotx —tanx+c
Example 2.23

Evaluate J’ 1+sin2x dx

Solution:

Change into simple integrands
1+ sin2x = sin® x + cos® x+ 2sin x cos x

) 2
= (smx + COSX)

f (sinx+ cos x)2 dx

J.4 1+ sin2x dx

J.(sinx+ cos x)dx

—COSX +sinx +¢

QB365 - Ouestio% Bank Software

Example 2.24
Evaluate J cos’ x dx

Solution:

Change into simple integrands

3
cos3x=4cos’ x—3cosx

1
cos® x = Z[COS 3x+3cos x]

1 3
=—cos3x+—cosx
4 4

Jcos3 xdx

1 3
—Jcos3xdx+—Jcosxdx
4 4

sin3x 3sinx
= + +c
12 4

* Exercise 2.4

Integrate the following with respect to x.

. 2 2

1. 2cosx—3sinx+4sec” x—5cosec”x
. 3

2. sin” x

3 cos2x +2sin’ x

cos’ x
1 . :
4 ——— |:H1nt :sin® x+ cos” x= 1:|
sin” x cos” x

5. V1—sin2x

2.1.4  Integration by parts

Type: V
(1) We know that, if uand v are two

differentiable functions of x, then

d dv du
— () =u—+v—.
dx dx dx

Integrate on both sides with respect to x .

J.%(uv)dx =Iuj—:dx +Iv;l—z dx
= Jd(uv) =Iudv +Jvdu

Integral Caleulus — 1 I 33 -
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Example 2.25

uy = _[udv+_[vdu

Evaluate Jxex dx

Judv = uy —jvdu Solution:

This method is very useful when the Take u=x and dv = e*dx
integrand is a product of two different types of Differentiate Integrate
functions or a function which is not directly du = dx 5
integrable. The success of this method depends v=e

on the proper choice of u . So we can choose the
function u by using the following guidelines.

fxex dx = Judv

(i) If the integrand contains only a function =uy —jvdu
which is directly not integrable, then take = xe* — J.exdx
this as u. x _x

) ‘ ‘ ‘ =xe" —e +c

(ii) If the integrand contains both directly _ e (x—1)+c

integrable and non integrable functions,
then take non integrable function as u.

(iii) Iftheintegrand containsboth the functions
are integrable and one of them is of the
form x",n is a positive integer, then take
this x" as u.

(iv) for all other cases, the choice of u is ours

Example 2.26

Evaluate Jx3exdx

Solution:

Successive derivatives | Repeated integrals

and dv =e”*dx

@ (Or) we can also choose u as the function Take u = x> y =e* ®
which comes first in the word “IL A T E” , ) X
u =3x v, =e
Where,
u” =6x v, =e"
I stands for the inverse trigonometric function
u”/ — V.= ex

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 34

L stands for the logarithmic function

A stands for the algebraic function

T stands for the trigonometric function

E stands for the exponential function and take
the remaining part of the function and dx as
dv.

(2) If u and v are functions of x , then

Judv =uv—u'v +u"v,—u"v, +..

’ ” V44 .
u,u”,u",... are the successive

and v, v, v,, ...
repeated integrals of v.

where

derivatives of u are the

Jx3exdx = J.udv
wy —u'v, +u’v, —u”v, + ..

x2e* —3x2e* +6xe* —6e* +c

e* |x3—3x%+6x —6)+ c

Example 2.27

Evaluate J-x3 logx dx

N Solution:
Note i
Take u=logx and dv = x’dx
s The above mentioned formula is well Differentiate Integrate
known as Bernoulli’s formula. 1 e
& Bernoullis formula is applied when du =—dx V=—
u =x" where n is a positive integer. * E

- 34 I 12" Std. Business Mathematics and Statistics
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Jx3 logx dx = Judv

= uv—_[vdu
x! 1 ¢35

= Zlogx—zj.x dx
x* x*

= —logx —— —J+c
4 4\ 4

= x_4 lo x—l +c

Example 2.28
Evaluate J.(log x)2 dx

Solution:
Take u = (]og x)2 and dv =dx
Differentiate Integrate

du = (210gx) (ldx) Ve
x

J(tog )" dx = fuav
® =uv —.[vdu
:x(logx)2 -2 Ilogxdx (M)

For J.logxdx in (*)
Take u = (logx) |and dv =dx
Differentiate Integrate
du =—dx v =x
= x(logx)2 —qudv
= x(logx)2 —Z[uv —Jvdujl

Example 2.29
Evaluate J(xz —2x+ S)e_xdx

Solution:

Successive derivatives | Repeated integrals

and dv =e “dx

Take u=x>—2x+5 py=—e*
u'=2x-2 2 =~
u”=2 . =—¢ *

J(xz —2x+ S)e_xdx
= judv

=uv —u'v, +u’v, —u"v, +...

e_x)—(Zx—Z)e_x +2(—e"‘)+c

=¢ * (—x2 —5)+ c

% Exercise 2.5

Integrate the following with respect to x.
- 2. x°e™ 3. log x @
2

X

=(x* —20+5)(-

1. xe

4. xlogx 5. x"logx 6. x%e

2.1.5 Integration by substitution (or) change

of variable method

Integrals of certain functions cannot be
obtained directly, because they are not in any one of
the standard forms as discussed above, but may be
reduced to a standard form by suitable substitution.
The method of evaluating an integral by reducing it
to a standard form by suitable substitution is called
integration by substitution.

Type: VI
L[ @)] Freode= [f( )] !
J;((x)) =log |f(x)|+c

j (x) dx =2\ f(x)+c

4. _[e [f(x)+f’(x)]dx =e" f(x) +c
5. Je[afo)+ f/(x) Jdx =e™ f(x) +c

Integral Caleulus — 1 I 35 -
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Example 2.30

Evaluate J dx

x*+1

Solution:

Take f(x)= x?+1

L f(x) =
J’x +1dx __Ix +1
ff (s
f(x)
= Elog[f(x)]+c
=%log‘x2+1‘+c
00 A
YOU My
A now?

(ax A b)

nax
J‘ax"+b _J ax"+b

= log‘ax +b‘+c

Example 2.31
Evaluate J

al dx
\/x2 +1

Solution:

Take f(x)= x?+1

L) =

jL dx =1J‘2—x dx
Vx®+1 27 Jx?+1

If(x)
ANTTEN

%[2 FG) e

=vVx’+1 +c

- 36 I 12" Std. Business Mathematics and Statistics

00 AH
“ ~

nax” (ax +b)
J ax" + J‘\/ax +b
=2Vax" +0b

Example 2.32

Evaluate J‘x\ /xz +1 dx

Solution:

Take f(x)= x2+1

) =

1
Jx,/x2+1 dx =%J (x2+1)2 (2x dx
;

=[]

3
_1 [f<x>]2
2 2 s
_1 (x2 + 1)2 +c
Example 2.33
Evaluate _[ S dx
(x2 + 1)
Solution:

Take z=x>+1
~xP=z-1 and

dz = 2xdx

:>—z=xdx
2

3 2
el e

z—1

QB365 - Ouestio%g Bank Software
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z z
1 1 1

= — ——+—2 +c
2 zZ 2z

1 1

1
=3 I:ez (z—-1) ]+ ¢ [By applying

Integration

by parts]

=%[ex2 (x* — 1)]+ c

Example 2.36

Example 2.34

Evaluate jex (x2 + Zx)dx

Solution:

Take f(x)=x"
s fl(x)=2x

jex (x2 +2x)dx = fex [f(x)+ f’(x)]dx

= ¢* f(x)

X

+c

2
= e X +c

Example 2.37

Evaluate J.

de

dx
Evaluate J‘f
. x(x +1)
Solution:
Take z =x° By partial fractions,
1 _A B
o dz = 3x"dx z(z+1)_ z z+1
= % = x%dx :;zl_L
3 z(z+1) z z+l1
dx x2
S T [
J‘96(9C3+1) ‘[x3(x3+1) *
1 1
_5 z(z+1)dz

1 1 1
=—||—-———\dz
31z z+1

= %[log|z| - log|z + 1|]+ ¢

Solution:

(1+x)

By partial fractions,
X A B

+

Take
1
f(x) = m

1 z
=—log|—|+¢
3 z+1
1 3
=—lo +c
3 5 x> +1
Example 2.35 ,
Evaluate J.x3ex dx
Solution:
Take z=x’
sodz =2xdx
dz
= — =xdx
2
2 2
fx3ex dx = Ixzex (xdx)

= %Izezdz

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 37

(txf 1+% (1+x)
X _ 1 + -1
(1+x)2 I+x (1+x)2

=

f(x) =

-1

(1 aF x)2

~[er

e* f(x)+c
X

= —+c
1+x

Example 2.38

2x—1

4x*

Evaluate J‘er |:

1+x  (l4x)

e[ f(x) +1(x) Jax

dx

&

Integral Caleulus — 1 I 37 -
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Solution: * Exercise 2.6
2x-1 1 -1 Takea =2, Integrate the following with respect to x.
4x2 2x1 xll . f(X) :l . 2_x—+5 5 e3logx
L PYRLE i X x> +5x—7 x*+1
4 X e f’( ) N
00 X)=——> 2x
2 log x
X 3. 2e— 4. M
et =2 X
6x+7
L[ 2x—1 ==L 6 (x4 x+]
je ol V3x* +7x -1
4x 5 e—1 + x—1
1 1) -1 7. %" (1+x°) g. = ¢
——je2x|:2( )+—2]dx x‘+e*
4 X X 1 X
9. — 10 oS5
1¢ . , xlogx X =3x"—
:—Je [af(x) + f (x)]dx 1
4 X X
1. e (1+x)10g(xe ) 12. ———=
Ir x(x + 1)
= —[e f(x)] +c
4 J1 2 1 x-1
:Ler tc 13. e T3 14. e 3
Ax x° x (x+1)
3| 3x—1
Example 2.39 15. e o2
X
Eval L4
® valuate _[ log x B (logx)2 x 2.1.6 Some special types of Integrals
Solution: Type: VII
Take 7= log To evaluate the integrals of the
1 form J dx JL and
.'.dZ=;dX ax’ +bx+c Vax® +bx +c
= dx= eZdzl [ x= ez] j ax® +bx+cdx, first we have to express
and f(z) :; . ax’ +bx+c as the sum or difference of two
s f@)=-— square terms [completing the squares],
z
that is (x + a)2 + 5% (or) (x + 04)2 — 3% (or)
J~ 11 i B - (x+ a)2 and apply the suitable formula
log x (log x)2 from the formulae given below.
(i 1] T LTS S WO U P
_j[;_?]e dz ' Iaz—xz 2a Bla—x
=[e*[ f(2) + f'(2)]dz 2 | de 1, lx-al
=€Zf(Z)+C xz—az 2a x+a
d
=7 ! +c 3. J—x:logx+\/x2—a2 +c
z Vx* —a’
X d /
= +c 4. —leogx+ x> +a’|+c
log x [+ 22

- 38 I 12" Std. Business Mathematics and Statistics
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2
5. J\/xz —d* dx=§\/x2 —a* —%log

x+Vxt—atl+c

6. J. o +a dng x2+a2+%logx+ K +at|+c
Example 2.40
dx
Evaluate
I 16— x*
Solution:
J' dx _J' dx
16 — x* 4? —x*
1 4+x
= log +c
2(4) °l4-x
1 4+x
=—log +c
8 4—x
Example 2.41
d
Evaluate J. o >
1-25x
Solution:
J' d« 1 dx
1-25x" 257 (1)
—| —x
5
1
1 g+ X
= — 10 +c
25| (1) L
5 5
1 1+5x
=—1log +c
10 1-5x
no__As™
] YOU M
M KNOW?
d(mx)
j2m de_szxz
a’—(mx) a’—(mx)
_ 1. lat+mx
= 2a1 ‘a—mx‘-i_c
Example 2.42
d
Evaluate f al >
2+x—x

Solution:

By completing the squares

2+x—x" =2—[x2—x]

3 1
1 2+(x_2
3 og 3 1 +c
2| T2 x-1
3
1 24+2x
= —log
3 4—-2x
1 1+ x
=—lo +c
3 —-X
Example 2.43
’ dx ®
Evaluate J >
4x° —1
Solution:
J' dx _J- dx
4x* —1 4(x2 1 )
1 dx
= —1 :
2
. 1‘
1 1 Y
=2 71 log % +c
4 2() X+
2 2
1 2x—1
=—log +c
4 2x+1
N0 A
g YOU B
v v D [ ]
KNOW J - i :J_ dimx
(mx ) —a? (mx)*—a?

_ 1. |mx—a
" 2a log ‘ mx+a

e

Integral Caleulus — 1 I 39
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Example 2.44 ,
Evaluate dx
‘[ x? =25
Solution: (x2 B 25) o5

X
J.x2—25dx :J. x> —25 dx

=I{1+ 225 }dx
x° =25

dx
=|dx+25
I J x* =25
x+25 log|=— | +c
[2( ) 5 x+5|:|
5 x—5
=x+—log +c
2 x+5
Example 2.45
dx
Evaluate J.z—
x"—3x+2
Solution:

By completing the squares

4

3V 1
=lx——1 — —
2] 4

2
x2—3x+2=(x—§) —2+2

- 40 I 12" Std. Business Mathematics and Statistics
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Example 2.46
d
Evaluate J—x
Vx> -9

Solution:

'[\/45:7—9 -l 4[? 9]

+c

1
=—log x+‘fx2—2
2 4

1
=Elog 2x +V4x? —9‘+c

= log|mx + (mx)2 —a’|+c

mlogn £t k=c

Example 2.47
dx

Evaluate | ———
Vauaejm

Solution:

By completing the squares

2
x* —3x+2= x—E —2+2
2 4

2/28/2020 5:39:28 PM ‘ ‘
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. J@—J 0
T

—log

=log (x——)+1lx —3x+2+
Example 2.48
Evaluate j dx
v 7
Vxt +25
Solution:

dx _ dx
j\/x2+25 _J.\/x2+52

x+vx+5° x+Vxt+25

= log +c =log +c

Example 2.49
dx

Evaluate | ————

Solution:

By completing the squares

X +ax+8=(x+2) —4+8

= (x+2)2 +2?
dx _J~ dx
\/x2+4x+8 \/(X+2)2+22

(x+2)+ (x+2)2+22 +c

=log

(x+2)+ Vx> +4x+8

=log +c

D0 AN
~
- Y““

M4 KNOW?

J‘\/ +a Toraa " J‘\, mx +a

= log|mx + (mx)2+a2 +c

Example 2.50

Evaluate I X dx
v x®+1
Solution:
J xodx 4x3dx

O

i

xt + (x4)2 +1°

x4+\/x8+1‘+c

1
=—lo
4 g

1
=—1
4 ©8

Example 2.51

Evaluate IV x? =16 dx

Solution:

J x* —16 dx =J x* —4% dx
2
=£\/x2—42—4—log
2 2
=§\/x2—16—810g

x+\/xz—42 +c

x+vVx* =16 |+¢

Example 2.52 ®
Evaluate J.\/xz +5 dx
Solution:
J.\/x2+5 dxz_'.,/x2+(\/§)2 dx
\/gz
:% x2+(\/§)2+glog x+ x2+(\/§)2 +c
=§ x2+5+§10g‘x+\/x2+5‘+c
N0
g YOU
(R4 KNOW?
Im,[(mx)2+a2 dx =J ,[(mx)2+a2 d(mx)
mx 2 2 az 2 2
=5 (mx) +a +?log mx +4/(mx) +a’|+c

Example 2.53
Evaluate I 4x* +9 dx

Solution:

J.\/ 4x* +9 dx
Integral Calenlus — 1 I 41 -
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=%j,/(2x)2+32 d(2x)
1| 2x [ 3 2

:El?/(zx) +3° +log Dxty(2x) +3°

=§\/4x2 +9 +% log [2x +V4x” +9

Example 2.54

Evaluate I\/ x? —4x+3 dx

Solution:

]H

+c

By completing the squares

X —4x+3=(x-2) —4+3
=(x—2)2—12

soAxt —dx+ =\/(x—2)2 —1°

j\/xz —4x+3 dx
=J.\/(x—2)2—12 dx

=_(x;2) (3:—2)2—12 —%log (x—2)+ (x—2)2—12 +c
=_<x;2>m_§1og (x=2)+ o —dx+3 |4c
Example 2.55
1
Evaluate J.— dx
2
x—vx" -1

Solution:

By rationalisation,

1 _ 1 ><x+\/x2—1
x—\/x2—1 x—\/xz—l x+\/x2—1

=x+x* -1

=
=I[x+\/ﬁ:|dx

=dex+JVx2 —1dx

2
X X

2 1
=—+—Jx"—1-=1o
2 2 2 8

+c

- 42 I 12" Std. Business Mathematics and Statistics
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* Exercise 2.7

Integrate1 the following with respeclt to x

. —— 2. —
9—-16x> 9—8x—x°
3 1 . 1
' 2x2 -9 ' xP—x-2
1 1
5. 2— 6. 2—
X +3x+2 2x°+6x—8
e” 1
7. o 8., —
e =9 \V9x* -7
1 1
9. 10, ———
Ji? +6x+13 Jxt —3x+2
3
X
11. - 12. /1+x+x2
13. Vx? =2 14. V4x* -5
1
15. J2x° +4x+1 16, ————
x+vx2 -1

2.2 Definite integrals

So for we learnt about indefinite integrals on
elementary algebraic, exponential, trigonometric
and logarithmic functions. Now we are going to

study about the definite integrals. )

Geometrically, definite integral j f(x)dx

a
represents the limit of a sum. It is also represented
as the area bounded the curve y = f(x), the axis
of x, and the ordinates x = a and x = b.

2.2.1 The fundamental theorems of Integral

Calculus
Theorem 2.1 First fundamental theorem of

Integral Calculus:
If ])j(x)is a continuous function and
F(x)=[ f(O)dt, then F'(x)= f(x).

a
Theorem 2.2 Second fundamental theorem
of Integral Calculus:

Let f(x)be a continuous function on
[a,b], ibf F(x) is anti derivative of f(x), then

[ f(x)dx =F(b) - F(a).

QB365 - Ouestio@g Bank Software

2/28/2020 5:39:48 PM ‘ ‘



| T ]
T | QB365 - Ouestio% Bank Software —

Here a and b are known as the lower Solution:
limit and upper limit of the definite integral. Here, ay 22x
N dx  5x°+1
Note i [ 2x
LY o= _[5 T ——dx
b 00X +1
1
J f(x)dx is a definite constant, _1 10x dic
p . 579 5x°+1
whereas t)dt which is a function 1 1
;[f( ) :—[log(Sx2 + 1):|
of the variable x.
= —[log6—log1]
N0 ASh
~ 1
s you , =—log6
[ f(x)dx=F(x)+c Example 2.58
b 1
= j f(x)dx = F(b) — F(a) Evaluate _[ (e" —4a* +2+3x )dx
0
’ Solution: L
1 x 3
Example 2.56 J.(e"—4a"+2+3/; )dx et —a-2— ox+ 3£
L . loga 4
Evaluate j(x3 +7x% - Sx)dx 0
0 —,_ e ER
® Solution: =" loga v loga ®
We have already lee;rnt e;bout the s(1-a) 7
evaluation of the integral J(x +7x" — Sx)dx =et loga 3
in the previous section.
Example 2.59
4 3 2 m
7 5 3
.'..[(x3+7x2—5x)dx=x—+i—i+c '
1 4 3 2 Evaluate jsmxdx
Now, J(x3 +7x° —Sx)dx s
[ 4 30 27! °
x  7x° 5x
=l—+t—-— Solution:
| 4 3 2 -
_ i 3 z
= l+Z_E - 9+9_9 Jsinxdx =[-cosx|
4 3 2] |4 3 2 T z
~ . 6 T m
1 7 5] 1 = —| cos—= —cos—
=[-+-=|== ( 3 6 )
(4 3 2| 12
1
=~ (v3-1)
2
Example 2.57
y 2x Example 2.60
Find the integration for — =— with .
dx 5x"+1 5
limiting values as 0 and 1 Evaluate jcosz xdx
0

Integral Calenlus — 1 I 43 -
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Solution: Solution:
34 3
. . . x +1 2 )
Change into simple integrands j —dx = J(x +x )dx
2 X 2
cos2x =2cos” x —1 -, | 3
X
1 £
coszx:5[1+c032x] |3 X 2
(o 1) (8_1)_13
s ks 3 3 2 2
2 2 1
jcosz xdx =j5[1 + cos2x] dx Example 2.63 1
3
0 0 x Evaluate J(x3 + 3x2) (x2 +2x)dx
_1 sin2x |2 2
S1xT 2, Solution: 1
1 3 2\
R N/ o B l (x +3x)
=l z+0 zz lfl(x +3x)(x +2x)dx_[3—4
212 4 -1
N N . [f(x):lnﬂ
Note i { [l frede =122 +c]
ealogx B =%(64—4)
=20
Example 2.61 Example 2.64
® 1 ¢ Jlog x p b @
Evaluatej [eulogx +exloga]dx Evaluate I N x a,b>0
0 Solution: ¢ 1
Solution: b | b 2
. . J- lc;gx dx = j(logx) %
j [e“l"gx +e“°g“:|dx ZJ(x“ +a* )dx ! ’ 3P
0 0 (logx)2
1 = |2
xa+1 ax 3
= +
a+1 loga a 1
. f(X) n+
L 1 [:-j[ﬂx)] fds =1 n+] 4
= -1 0+
a+1 loga loga 5 3 3
e -2 ot - g
“a+1 loga loga
4
—1 ~
_ 1 (e
a+1l loga 3 4
logb? = Elogb but,
3
Example 2.62 (logb)? # glogb Further,
34
x +1 . . 5
Evaluate .[ e dx (logb)? — (loga)? # (log é)
2 a
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Example 2.65
1
Evaluate Jx\/x+1 dx
Solution: -
Take t=x+1
dt =dx
and
-1
t 0 2
1 2
jx\/x+1 dx =I(t—1) \/; dt
-1 0
2(3 1
=j{t2 12 Jdt
0
5 3T
5 3
0
82 42
5 3
42
15

Example 2.66

o X

Evaluate je_ 2 dx
0

Solution:
Je_gdx =—2[e 2]
0 0
=-2[0-1] =2
Example 2.67

oo

3
Evaluate J-xze_x dx
0
Solution:

Take x°=t
3x%dx =dt

dt
= x> dx =? and

X 0 oo

sz e d =Je_t£
_ EE_e I
_ ?[o —1]
_1
3
Example 2.68
2
1
Evaluate | ——————dx
'!- (x + 1) (x + 2)
Solution:

By partial fractions,

1 A N B
(x+1)(x+2)_x+1 x+2
1 1 1

= (x+1) x+2): x+1_x+2

jmd’c :j[ﬁ—xiz] dx

1

= [log |x + 1| —log |x + 2|]2
1

3 2

=log = —log =

Og4 Og3
9

= log =

0g8

Example 2.69

Evaluate Ilogx dx

Solution:

Take u =logx |dv=dx

Differentiate Integrate
1 —
du =—dx V=X
X

jlogx dx =ju dv
1 = iuv]j —jvdu
1

e .1
=[xlogx] —‘!.x; dx

Integral Calenlus — 1 I 45 -
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— |eloge— llogl) []f

(
(e=0) ~(e-1)

Example 2.70
2

Evaluate jx sinx dx

Solution:
Take u=x and dv =sinxdx
Differentiate Integrate
du = dx Y =—COoSX
K K
2 2

jx sinxdx = judv
0 0
= [uv]of —J.vdu

0_

s

= [—x cos.x:|E +J.cosx dx
0

o5

—O+[smx] =1

Example 2.71

If J3x2 dx = —1, then find the value of g, a € R .

Solutlon
Given that j3x dx =-1

1 a
] =
1

a’-1 =-1

a’ =0=a=0

Example 2.72

Ifjdx—l and dex 1, then find a and b

Solution: b
Given that Idx =1
b
[x] =1
b—a =1 ... (1)

- 46 I 12" Std. Business Mathematics and Statistics

Now, jx dx =

—

Il
—

V—-a* = 2
(b+a)(b a) = 2
b+a=2...(2) [ b—azl]
1)+(2)= 2b =3
, 3
3 2
Now, ——a =1 [ from(l)]
1
.a ==
2
Example 2.73
4
Evaluatej f(x) dx , where

1

7x+3,if 1<x<3
f(x)={ /

8x ,if 3<x<4

Solution:
4 3 4
_[f(x) dx =_[f(x) dx+Jf(x) dx
: 3
I(7x+3 dx+_[8x dx
1
3 4
[7x2 ] |:8x2]
=[—+3x| +|—
2 2
1 3
1
= @ +9 — —3 + 64 —36
2 2
=62
Example 2.74
X2, 2 < x <
If fx)=9 x, < <
x—4, 2 < <
then find the following

QB365 - Ouestio%g Bank Software
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(i) _1[ f(x)dx

-2

3
(i) [ f(x)dx
2

(ii) _2[ f(x)dx

1.5
) | flodx
-2

3
jf(x)dx
1
Solution:
(I)Jf(x )dx = J. x’dx :|:x?:| = é_(%s)::),
(ii).lf f(x)dx = ! xdx :l%l _ %_% _ %
(iii) !f(x)dx = -2[ (x—4)dx= |:x72 —4x:|2
_ (2_12)_ é_g)
2 2
= b 6= -3

(iv) ff(x)dx j f(x)dx + f f(x)dx

15

3+ dex using (i)

! 1.5
-
3+[x_}
2 4
225 1 1.25
I+ D =34 —:3625
2 2 2

3 2

(V) [ feodx = [ fodx + j Fx)dx

1 1

=—+(_23) 0 using (i) and (i)

2

‘ Exercise 2.8

I. Using second fundamental theorem, evaluate

w

the following:
2

1
1. jez"dx 2. i/l ixdx 3 [

0 X +1

e“dx

3
+ '([1+ex
|

5. Jxe dx 6. 'I[x 1+logx)

1 2
2x+3
7. 8. | (1+cos x dx
1xz+3x+7 ‘([
2x_
9. dx
1%

QB365 - Ouestio% Bank Software

II. Evaluate the following:

4

1. If(x) dx where
! [4x+3,1<x<2
(x)= 3x+5,2<x<4

2. jf(x) dx where

0 3-2x—x2, x<1
flx)=1,

X" +2x—-3,1<x<2
1

3. jf(x) dx where f(x) ={

x ,x=20

-x, x<0

A ) cx, O0<x<l1
) x) =
f 01 , otherwise
Find  if [ f(x)dx =2
(.
A4 KNOW? b
J.dx =b—-a

a

2.2.2 Properties of definite integrals
b b

i) [fodx = [ fode

(ii) j.f(x)dx = —jf(x)dx

(iii) If f(x) and g(x) are continuous functions

in [a ,b] , then
[[f ()28 ()] [ f(x)dxt [ ()

(iv) If f(x) is a continuous function in [a ,b]
and a<c<b,then

}f(x)dx = jf(x)dx+}f(x)dx

(v) j.f(x)dx = jf(a —x)dx

Proof:

Take a—x=t = dx=—dt

X 0 a

t a 0

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 47

Integral Calenlus — 1 I 47 -

QB365 - Ouestio%g Bank Software

2/28/2020 5:40:38 PM ‘ ‘



‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 48

QB365 - Ouestio% Bank Software

:]Z.f(a—x)dx
0

= [ f()(=dr)

Il
M ot—— s O~ 8

f(t)dt

f(x)dx [using the Property (i)]

H.S.

(vi) (a) If f (x)is an even function, then
[ f(x)dx =2 [ fx)dx
—a 0
b If f (x) is an odd function, then

jﬁ f(x)dx =0

Proof:

(@If f (x)is an even function, then

a 0 a
[ feodx =] feodx + [ fx)dx

= _j). f(—x)dx+j.f(x)dx

using (1)

Take —x =t =dx =—dt

X —-a

a

Apply the above mentioned substitution

only in first part of integral of the R.H.S.

j f(x)dx - j f(t)(_dt)+f £ (x)ix

jf dt+jf

- 48 I 12" Std. Business Mathematics and Statistics

= [ f(x)dx + | f(x)dx
0 0
[using the Property (i)]
=2 [ f(x)dx
0

b)If flx) is an odd function, then
f=x)==f(x) ...(2)

_ff(x)dx _ }f(x)dx+jf(x)dx

jf dx+jf x)dx using (2)

Take —x =t =dx =—dt

X —-a

t a

Apply the above mentioned substitution
only in first part of integral of the R.H.S.

0

j fyde  =—[f(t)(-dt) + j F(x)dx

a

=—[f(t)at +j'f(x)dx

0
a

= _Jf(x)dx + jf(x)dx [using the
Property (i)]

:()b

b
i) [ f(x)dx = [ fla+b—x)dx

Proof:
Leta+b—x =t and t=a+b—x
—dx=dt xlalb
dx = —dt t | b | a
a b
[ fla+b-x)dx=—[f(t)dt= [ f(t)dt
b a

Q — s'—.w

f (x)dx [using the Property (i)]

QB365 - Ouestio%g Bank Software
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b b Example 2.77 X
w [ f(@)dx = [f(a+b-x)dx Braluate | (x* + x) d
a a 2
Evaluate the following using properties of Solution:
1 1 1
definite int Is:
cliniie ntegra’s j(x2+x)dx =jx2dx+ x dx
Example 2.75 -1 -1 -1
1 .5 1
x” dx
Evaluate I TR =2J.x2 dx+0 [ x% is
a4t —x 5
Solution: . an even function and x is an odd function]
X 1
Let  flx)= a*—x* 5 —2[x—3:| —2[1—O:|
—X 3 3
f(—x) — 2( ) ; 0
a’ —(-x) _2
= E le 2.78
az _ xz xamplie n
2 .
=/ Evaluate J&dx
Here f(-x) = —f(x) o SINX+Ccosx
Solution:
~ f(x) isan odd function 2
1 .5 i
x” dx sin x
_ Let I=|———dx ...(1)
® :>Ja2—x2 =0 '([sinx+cosx @&
-1

Example 2.76
™
2 =

Evaluate J. cos x dx

. (71— )
sin E—x
dx
s T
sin]| ——x |+ cos| ——x
2 2

O ) 3

Solution: [ J.f(x)dx = J.f(a — x)dx]
Let f(x) =cosx Z ! !
;E—x; :;)s)(—x) = COS X = {ﬁdx ..(2)
= f(—x = f(x
W)+@2)=

 f (x) is an even function

O —) V3

T T

T T sinx Cos x

j cosx dx = 2jcosx dx 21 = . + . dx
- 9 sinx+cosx cosx+sinx

2

[NUR}

=2 [sin x]

=2 l:sin T_ sinO]
2

dx =[x]: =§

o
Il
O ey [

Il
S}
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Example 2.79

N

X
Evaluat. d
valuate !\/; o X
Solution:
5
Let Izj Jx dx .1
2\/x7+ 7—Xx
I = j. J2+5—x 0
2\/2+5—x+\/7—(2+5—x)
b b
|:'.'_[f(x)dx = J.f(a+b—x)dx}
5
7—Xx
I = d 2
‘!J7—x+ X o
1)+(2)=
_5— \/; N7 —Xx
21 _‘I_\/; +\/7—x+\/7—x +\/;:|dx
_5—\/x_+\/7—x
_'!:\/;+ 7—x i
5 5
:J.dx: [x] = 3
> 2
3
'3

% Exercise 2.9

Evaluate the following using properties of
definite integrals:

™

QB365 - Ouestiogﬁ Bank Software

First, let us know about the concepts of
indefinite integrals, proper definite integrals
and improper definite integrals.

Indefinite integral:

An integral function which is expressed
without limits, and so containing an arbitrary
constant is called an indefinite integral

Example: j e 'dt

Proper definite integral:
Proper definite integral is an integral
function, which has both the limits a and b are

finite and the integrand f(x) is continuous in [a, b].
1

Example: je_tdt
0
Improper definite integral:

An improper definite integral is an integral
function, in which the limits either a or b or both
are infinite, or the integrand f(x) becomes infinite
at some points of the interval [g, b].

oo

Example: je_tdt

‘ o

Definition 2.3

- .
For n > 0, Ix” e “dx is known known as
0

Gamma function and is denoted by F(n)

- ™
4 2
1. j x’ cos® xdx 2. J sin® 0 df [read as Gamma of 7 ].
. T .
4 : Note i
3 Jl.l 2—x 4 j- sin” x Iy If n is a positive integer, then
. |lo X )
8 2+ x 5 sin” x + cos” x T n!
-1 J-x e dx =—— is the particular
a

1
5. Jlog l—1 dx 6.
x

0

O —— —
x
| w
QU
=

—~
[S—
I
=
~—

2.2.3 Gamma Integral

Gamma integral is an important result
which is very useful in the evaluation of a
particular type of an improper definite integrals.

0
case of Gamma Integral.

Properties:
1. F(n) = (n—l)F(n—l), n>1
2. F(n+1) = nF(n), n>0

- 50 I 12" Std. Business Mathematics and Statistics
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3. F(n + 1) = n!, nisa positive integer.
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Put n
4. T(3) =+r 1
Tl =
no_AM (2)
— v““ -
M4 KNOW?
I(1)=1 =
sole ™t dx
!
Example 2.80

Evaluate (i) F(6)
0

(iii) je_zxxsdx (iv) J.e_xzdx
0

Solution:

(i) Ir'(6)

.. 7
(ii) F(Z)

(ii) P(g)

= —, we have
e 2

= 2_[6 *dx
0

= \/; = ZJ. e_xzdx
\/; 0

2

‘ Exercise 2.10

1. Evaluate the following:

=)

(i) T'(4) ) T(2) i) [e™xd

0

= 5! (iv) je‘“x“dx v) Je_ 2x°dx
0 0
2 2x
xe,x20
— EF > 2. Iff(x) = ~, then evaluate
2 \2 _ 0, otherwise
53(3 J feaax
22 \2 0
531 (1 2.2.4 Definite integral as the limit of a sum ®
bt Let f(x) be a continuous real valued
222 \2
function in [a, b], which is divided into n
531 15

Jr === equal parts of width 4, then

(iii) we know that J.f(x)dx = li_r)n h [f (a)+ f(a + h)+
T n_—ax n! a Z_)B"
{x e dx s f(a+2h)+ ..... +f(a+(n—1)h)] (or)
0 b
“2x 5! 5! .
.-,.(';ez dx= = [ f(x)dx = lim X1 f (a+rh),
a h—0
R b-a
. — n-1 -t h —
(iv) F(n) J.t e 'dt where h »
Put f=x2 = dt=2xdx The following results are very useful in
) evaluating definite integral as the limit of a sum
D(n) = Jo (<) "oxas @ 14243 =" §
r=1

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 51

=< 2
—x% 2n-2
=_[exx” 2xdx
0

2J. e"‘2 2" dx

(ii) > +2*+3% +...n

oo

0

2
nin+1 r=n
(iii)13+23+33+ ,,,,,, n3:|:gj| _ 2?3

5 n(n+1)(2n+1) r=n

= = r
s A

2

r=1
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Example 2.81 2
.ol 2r
Evaluate the integral as the limit j f (x) dx =lim ) — (3+—)
L 1 n—oo 11 n
of a sum: Jx dx 3 o
0 = lim Z —
Solutlon n—e  p=] n n
ff dx 11m2hf(a+rh) —11m|: 21+_ ZT’:|
Z:;BO n—e | 11 r=1 n
b—- 1-0 1
Here a=0, b=1, h= a:_:_ . i in(n+1)
n n n = lim | = (n) +—
and f(X):X n—e | 1 n 2
Now f(a+rh)=f(o+1):f(1):£ .
" njon =3+ lim (1+—)
On substituting in (1) we have 2 n—reo n
! n 1 r Jf(x)dx:3+1=4
jx dx =lim Y —.— 1
0 n—e y=1N N
A E le 2.
— lim 1 S xample 2.83
noe p” = 2 Evaluate the integral as the limit of a sum:
1 n(n+l x* dx
n—ee 1 2
5 1 Solutzon
1 n | 1+—
=lim — ——*/ jf dx—hmth(a+rh)
® et 2 mele ®
1+0 1 b— -1 1
=~ == Herea=1, b=2, h= a:—:—and
1 12 2 n n n
_ .2
-([xdx:E f(x)=x ) N
Example 2.82 Now f(a""'h): f(l"‘;) = (1"‘;)
Evaluate the integral as the limit of a sum: 2r 1t

[ = 1+—+—2

J(2x+1) dx noon

! i n 1 2r 1’

. 2 .

Solution: A jx dx = h_) > - I+ —+—
b " 1 n—eo =11 n n
Jf(x)dx =l£1°r§1hf(a+rh) | (1 2 g
a h—0 =lim ¥|—-+—+—

b—a -1 1 noe =i\ N Nt on
Here a=1, b=2, h= == ——_ | n 5 |
n n n :lim(—21+—227+_32r2J
n—ee n r= r= r=

andf(x):2x+1,f(a+rh)=f(1+£) 1 n 1 n 1

n (1 2 n(n+1) 1 n(n+1)(2n+1)
—(n)+= - -

=lim

(+ )+1 .

: (e

; 1 = lim 1+(1+l)+ " ke
2r
n

f(a+rh) =3+

- 52 I 12" Std. Business Mathematics and Statistics
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. deis
J‘\/l+exx
j (@) ————+c  (b) 2V1+e* +¢
1

Il
| —
[
+
—
+
—_~
[a—
~—~—
—~
[\
~—
C——
(o)}

V1+e”

* Exercise 2.11 © V1+e" +c  (d) e Vi+e" +c
Evaluate the following integrals as the limit of 7. J'\/e7 dx is
the sum:
; ) (@) Ve* +c b)2e +¢
1. I(x+4) dx 2. Ix dx
L [x 1
S ! (C)E e +c¢ (d) \/7+c
2\e*
3. [(2x+3)d 4. |x* d
!( x ) X -(';x x 8. Jezx[2x2+2x]dx
* Exercise 2.12 (a) e**x* +¢ (b) xe** +¢
2 x
Choosei the correct answer: (c) 2x%e* +¢ (d) xze +c
1. | —dxis x
J‘x3_ B 9. _[ xe dx is
() —+c¢ (b) —+¢ e +1
X 2x e” e’ +1
-1 ) (a)log|—— +c (b) log|——|+c
(c) —2+C (d) —2+C e +1 e
® ” g (c) log|e* (@ log|e* +1 ®
+ +1| +
5 J-2de N c) logle™| +¢ ogle c
@) 2"log2+¢ (b)lzozc o f[ 9 1 ]dx N
(c) ——+c ()B4 ¢ x—3 axl
log2 2 (a) log‘x—3‘ —log‘x+1‘ +c
3. J-sir?Zx dx is (b) log|x — 3|+ log|x +1|+c
2sinx 1 (c) 9o |x—3|—10 |x+1|+c
(a) sinx+c¢ (b) —sinx+c¢ 5 5
2 (d)910g|x—3|+log|x+1|+c
+ a4+ +
(c) cosx+c (d) 2cosx c 25 '
11. j o dx is

J- sin5x —sin x
cos3x
(@) —cos2x+c

dx is

(b) —cos2x+c¢

44+ x

(a) log‘4+x4‘+c (b) %log‘4+x4‘+c

1 4
(c) _icos2x+c (d) —4cos2x+c (© Zlog\%x ‘+C (D log 4+x" e
log x .
5. I , dx , x>0 is 12. jd—x is
Vx* 36

(a) %(log x)2 +c

2
(c) —+c¢
e

‘ ‘ XII Std - Business Maths & Stat EM Chapter 2.indd 53

(b) —% (log x)2

2
(d) = +c
X

(a) Vx* =36 +¢
(b) log x+Vx* —36‘ +c

Integral Caleulns — 1 I 53 -
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1
(o) log|x — v x? —36‘+c 20 J‘ ,x4(1—x)2 Iy is
(d) log x2+\/x2—36‘+c ’ 1 by 7 7 g !
13. ji dx is T I |
m 21. 1 J. dx 1, Jx f(x) dx=a and
0 0
[ 2 1
(@) X7 +3x+2 +c szf ) dx =a’ thenja x) f(x)dxis
b) 2Vx% +3x+2 A ’
O N 320 G angp s @i 00 (©2d @)1
(c) log(x2 +3x+22+ c 3 3
2 2 22. ﬂqevalueofjf(S—x)dx - Jf(x)dx is
(d)—(x +3x+2) +c 2 2
o3 @1  ®0  @©@-1 (@5
14. 2x+1) dx i 4
l( ) i 23, j(\/;+%) dx s
(a) 1 (b) 2 (©)3 (d) 4 0 x
4 20 21 28 1
15 [ (a) EY (b) 3 (c) ey (d) 3
2 X ™
(a)log4 (b)0 (c)log2 (d)log8 3
o 24, Itanx dx is
@ 16. J‘e_zx dx is 5 @
1 (a)log2 (b)0 (c) logv/2 (d)2log2
@o  ®1  ©2 @-= i s ;
1 ;L 2 25. Using the factorial representation of the
17. Jx e’ dx lis gamma function, which of the following is
(_al)l (b) 2 J‘ et dx ©0 (d) o< the solution for the gamma function
F(n) when n=28
18. If f (x) is a contlnuous functlon and (a) 5040 (b) 5400 (c) 4500 (d) 5540
a<c<b then jf dx+jf ) dx is 26. T(n) is
b C () (n—1)! (b) n!
@ [f () e = £ () (© nT(n) (@ (n=1)0(n)
) J'f ) dx - J'f 27. T(1) is
(a)0 (b) 1 (c) n (d) n!
(c) If (x) dx (d)0 28. If n>0,then F(n) is
' g 0 -x  n—1 0 —-x n
19. The value of j cosx dx is () je x"dx (b) Ie x"dx
0 0

™

2

(@0 (b) 2 (0) 1 (d) 4
- 54 I 12" Std. Business Mathematics and Statistics
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2. r(i]
2
@1 (b) g

30. jx4e_xdx is

() 247

0
(a) 12 (b) 4 (c) 4!
Miscellaneous problems

Evaluate the following integrals:

1
1. dx
ij+2—Jx+3
dx
2. | ———
J2—3x—2x2

3 J dx
et 6+5e7

N

) I 2x% =3 dx

b

3
(d) 5
6. j(x + 1)2 log x dx

N

(@) 64 : jlog(x—m)dx

®

I«/x(x—l)dx

1
2 =2
'[x e Fdx
-1
3

0

j 9x% +12x+3 dx

Lo, J» xdx

* x4+ 1++/5x+1

In this chapter, we have acquired the knowledge of

® The relation between the Primitive function and the derived function:

A function F(x) is said to be a primitive function of the derived function f(x),if @

% [F)]= fx)

® Integration of a function:

The process of determining an integral of a given function is defined as integration of a function

® Properties of indefinite integrals:

Jafx) dx=a|f(x) dx

[[f@) £ g(x0)] dx=] f(x) dx + [g(x) dx

® Standard results of indefinite integrals:

n+l

ng X
1. Jx dx—n+1

3. jexdx =e +c¢

+c

5. J.sinxdx =—cosx+c
7. J.seczxdx = tanx +c¢
[f( )]n+1

0. [[f(x)] fx)dx =

10. J‘%dx =log |f(x)|+c

QB365 -

1

j—dx = log|x|+c

X

X 1 X
4. Ja dx = a*+c,a>0and a#1

loga
6. Jcosxdx=sinx +c
8. jcoseczxdx:—cotx+c
———+cn#-—1

j F®) e =2 F 00 +¢

Jf®)
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12. J.udv = uv —fvdu 13. Judv =uwv—u'v,+u"v,—u"v, +..
dx 1 a-+x dx 1 x—a
14. J —— =— log +c 15. j ——=—log +c
a~—x" 2a a—x x"—a" 2a x+a

dx

J—,—xz o =log x+vxt +a’

16 x+\/x2—a2 +c 17. +c

: J‘L =log
Vx? —a?

18. [e[ f)+ f/(0)]dx =e* fx) +c 19, [e*[af(x)+ f/(x) Jdx=e™ f(x) +c
2

20. _[ x*—a’ dxz%x/xz—az —%log x+\x>—a’|+c
2

21. J.,/x2+a2 dx=§\/x2+a2+%log x+\x*+a’|+c

® Definite integral:

Izet f(x)be a continuous function on [a,b] and if F(x) is anti derivative of f(x), then
[ f(x)dx =F(b)- F(a).

® Properties of definite integrals:

(i) _Tf(x)dx = jif(t)dt (ii) Tf(x)dx = —Tf(x)dx
® (iii) j‘[f(x)ig(x)]dx = j]‘f(x)dxij‘g(x)dx (iv) 'lif(x)dx =j.f(x)dx+j}.f(x)dx ®

a a b b
W) [ fx)dx=] fla—x)dx vi) [ f)dx =] fla+b—x)dx
0 0 a a

(vii) a)Iff (x) is an even function, then J f(x)dx =2 j f(x)dx
0

—a

b) If f(x) is an odd function, then J. f(x)dx =0

® Particular case of Gamma Integral: -

|
If n is a positive integer, then J' x"e™™ dx = a’:;l
0
® Properties of gamma function:
(1) F(n) = (n—l)I‘(n—l),n>1 (ii) F(n+1) = nF(n),n>O

(iii) F(n+ 1) = n!, n is a positive integer (iv) F(%) = \/;
® Definite integral as the limit of a sum:
Let f(x) be a continuous real valued function in [a , b], which is divided into n equal parts

each of width }, then
b o A
{{f(x)dx = %mg > h f(a+rh) where h=

—U =1 n
f—so0
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® Results:

(i) 1+2+3+
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G) 1PP+2°+3%+....

2
nin+1 r=n
(i) 1°+2°+3 +... n3=|:gi| =3

n(n2+1) _ élf’
e n(n+1)(2n+1)

GLOSSARY (sewevéasnpae)

Abscissa

Abstract value
Algebraic function
Anti derivative
Approaches
Approximate
Arbitrary

Between the specified limits

Bounded region
Certain

Change of variable
Closed interval
Completing the square
Concept

Constant of integration
Constant term
Continuous function
Decomposition
Definite integral
Derived function
Differentiable function
Differential coefficient
Differentiation
Directly integrate
Exponential function
Family of curves
Indefinite integral
Infinity
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Instantaneous
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Integrable function
Integral

Integrand

Integrate

Integration

Integration by parts
Integration by substitution
Integrator

Inverse trigonometric function
Logarithmic function
Lower limit

Marginal function
Natural logarithm
Open interval

Ordinate

Parallel tangents

Partial fraction

Positive integer

Power rule

Primitive function
Quantity
Rationalisation method
Reduction

Repeated integral
Reverse process
Standard form
Substitution

Successive

Successive derivatives
Suitable

Summation

Technique
Trigonometric function
Unique function
Upper limit

Variable of integration
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ce
Improper definite integral b Gamma Integral

a=2
——

Expected Result is shown
in this picture

Step-1:

Open the Browser, type the URL Link given below (or) Scan the QR Code. GeoGebra work Book named
“12% Standard Business Mathematics & Statistics ” will open. In the work book there are two Volumes.
Select “Volume-1”,

Step-2:

Select the worksheet named“ Integration-Gamma Integral”. There is a problem based on Gamma Integral

and Improper definite Integral. Move the sliders to change “a” and “n” value. Observe the graph.

Browse in the link

12t Standard Business Mathematics & Statistics:
https://ggbm.at/uzkcrnwr (or) Scan the QR Code.

B284_12_BUS _MAT_EM
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Integral Calculus - I

Archimedes

Introduction

istory of integration
begins over 2500 years ago.
The first Greek Mathematician Antiphon

(around 430 BC (BCE)).
introduced the “method of exhaustion” to find areas of simple

polygons and more complicated curves. (method of exhaustion
means dividing the given area into infinite number of triangles).

(287 BC(BCE)-217 BC(BCE)) Though Antiphon invented the method of exhaustion to find area

bounded by complicated curves, the mathematician Eudoxus

did the logical development in this method of exhaustion. Later

Euclid used this method to calculate the area of circle.

Using the same method of exhaustion Archimedes (287
BC(BCE)-217 BC(BCE)) find the area bounded by parabola.
Thus using integration area bounded by curves is developed.
We will see the method of finding area by using integration in this chapter.

Learning Objectives

After studying this chapter , the students will
be able to understand

® the geometrical interpretation of
definite integral.

® the applications of integration in
finding the area bounded by a curve.

® theconceptof consumer’s & producer’s
surplus.

® the applications of integration in
Economics and Commerce.

3.1 The area of the region bounded by
the curves

Using integration we can evaluate the
area bounded by the curves with coordinate

- 60 I 12" Std. Business Mathematics and Statistics

axes. We can also calculate the area between
two given curves.

3.1.1 Geometrical Interpretation
of Definite Integral as Area
under a curve:

Suppose we want to
find out the area of the
region which is bounded
above by a curve y= f (x)
, below by the x —axis and
the lines x=aand x=b.

HTS59TF

Now from Fig 3.1 let the interval [a b] is
divided into # subintervals |:xl._1, xi] of
equal length Ax, ie x;

1

X; el:xi_l, xl.:l let f(xl.) be the height of

—-x,_,=A,, for any

QB365 - Ouestio%g Bank Software
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n rectangles havingx, — x, | = Ax; as its base.

1

Then area A, = Ax; f (x.'). Now the total area

A:Zf(xz,)sz

YA

Now from the definition of definite
integral, if f(x) is a function defined on
[a,b] with a < b then the definite integral is

8 lim L

x)dx = X! ) Ax,

i S

a
The area under the curve is exhausted by

increasing the number of rectangular strips to oo

Thus the geometrical interpretation of
definite integral is the area under the curve

between the given limits.

The area of the region bounded by the
curve y=f(x), with x- axis and the ordinates at

x=a and x=>b given by

b
Area A= J ydx

b
= Jf(x)dx

(i) The area of the region bounded by the
curve y = f(x) between the limits
x=a, x=>b andlies below x -axis, is

A= j}-—y dx=—jif(x)dx

Fig.3.3

(ii) The area of the region bounded by the
curve x=f(y) between the limits
y=c and y=d with y—axisand
the area lies lies to the right of y- axis, is

d d
A=[xdy  =]f(dy
Ay © ¢ @

y=d

Fig.34 X

(iii) The area bounded by the curve
x = f(y) between the limits
y=c and y=d with y—axisand

the area lies to the left of y- axis, is

d d
A=[-xdy == f(y)dy

Integral Calculus — 11 I 61 -
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Area between two curves
Let flx) and g(x) be two continuous
functions defined on x in the interval [a, b].

Also f(x)>g(x),a<b

Then the area between these two curves

fromx=atox=>b,is

b
A=[[f(x)-g(x)]dx.

AY
y =gx)
i iy:=f(x)
ol x :I a X :I b;'(
Fig.3.6
Example 3.1

Find the area bounded byy=4x+3

with x- axis between the linesx =1 and x=4

Solution:
AY 2
o
:/ Olx=1 -4 ;X
y Fig.3.7
4
Area =Jydx
1
4
:J(4x+3)dx
1
" 4
=[2x +3x]1 —32+12-2-3

= 39 sq.units

- 62 I 12" Std. Business Mathematics and Statistics

Example 3.2
Find the area of the region bounded by
the line x—2y—12=0, the y-axis and the

lines y =2,y =>5.

Solution:
x—=2y-12=0
x=2y+12
AY

Required Area
5

:jxdy ®

2
5
=£(2y+12)dy=|:y2+12y:|z

=(25+60)—(4+24)=57 sq.units

[T
~

M4 KNOW?,

The area bounded by the line
y = mx+c with x-axis between lines
x=0andx=ais
= | = [a][(value of y at x = 0) + [(value
of yatx = a)]|

Example 3.3

Find the area of the region bounded by
the parabola y =4 — x°, x —axis and the lines
x=0,x=2.

‘ ‘ XII Std - Business Maths & Stat EM Chapter 3.indd 62
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Solutions:
y=4-x

Y
Fig. Fig.3.9

2 2
Required area= j ydx = J.(4 —x%)dx
0 0

Example 3.4

Find the area bounded by y=x between
the lines x=—1land x =2 with x -axis.

Solution:

Y
Fig.3.10
0

2
Required area = j —xdx + J.xdx
-1 0

2 0 2 2
2 2 2 2
-1 0
5 it
=— §g.units
5 q

Example 3.5

Find the area of the parabola y2=8x
bounded by its latus rectum.

Solution
y*=8x (1)
) Comparing this with the standard form
=4ax,
4 40=28
a=?2

Equation of latus rectum is x = 2

Since equation (1) is symmetrical about
X- axis
AY

y

>

F(2,|0) X

A

 /
Fig.3.11

Required Area = 2[Area in the first
quadrant between the limits x = 0 and x = 2]

2
= ijdx
0

Zj.\/S—xdx = 2(2\/5).2[x% dx

2 3

3
2 2
- 42 2% —42 xzx%

0
32 n

= — sq. units.
3 q

Example 3.6
o  Sketch the graph y = |x + 3| and evaluate
j |x + 3| dx.

-6

Solution:
3 3 ] oxt 3 if x>-3
y=le+3 {—(x+3) if x<-3
a 0
Required area = J ydx = J. ydx
b -6

Integral Caleulus — 1T I 63 -
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= 4]1.)/dx
0

a

A

-3 0
= jy dx + jydx
5 -

= J—(x+3)

0
dx + J.(x+3)dx

a 2
= 4_[ a’ —x*dx = 4[%\/012 —x? +% sin™* *

0 a

|

0

2 2 2
=40+ Zsin | 2 ||=4| Tsin ' (1) |=4. 22
2 a 2 22

2 .
= ma" sq.units

Example 3.8

Using integration find the area of the
region bounded between the line x =4 and the
parabola y2 =16x.

-6 X - . Solution:
(x+ 3)2 ) (x+ 3)2 The equation y°=16x represents a
== > + B parabola (Open rightward)
N - Y
2 /
9 9
=—[0—=]+]|=—0]|=9 sq. units
2 2]
Example 3.7
@ Using integration find the area of the circle h of\ F&l) X ®
whose center is at the origin and the radius is0
a units.
Solution v

Equation of the required circle is Fig.3.14

xz+y2 =a’ (1)

put y = 0. x2 = g2 b

N = +a Required Area = 2_[ ydx
a
Since equation (1) is symmetrical about 4

both the axes = 2_[\/ 16x dx
AY 0
4
3
4 2 3
1 X 16 2] 128
=8|x*dx=8|— | =—|(4)2 |[=— sq. units
/ \ '([ 3 3 (( ) ) 3 Squ

}, —akya > 2 1

* Exercise 3.1

y v
Fig.3.13 1. Using Integration, find the area of the region
bounded the line2y + x = 8, the x axis and
The required area = 4 [Area in the . B B
the lines x =2, x = 4.

first quadrant between the limit 0 and a.]
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2. Find the area bounded by the lines
y—2x—4=0,y=1, y=3 and the y-axis

3. Calculate the area bounded by the parabola
y® = 4az and its latusrectum.

4. Find the area bounded by the line y = x, the
x-axis and the ordinates x = 1, x = 2.

5. Using integration, find the area of the region
bounded by the line y—1=x,the xaxis
and the ordinates x = -2, x = 3.

6. Find the area of the region lying in the first
quadrant bounded by the region
y=4x",x=0,y=0 and y = 4.

7. Find the area bounded by the curve y = x>
and the line y = 4

3.2 Application of Integration in Economics
and Commerce.

Integration helps us to find out the total
cost function and total revenue function from
the marginal cost. It is possible to find out
consumer’s surplus and producer’s surplus
from the demand and supply function. Cost
and revenue functions are calculated through
indefinite integral.

We learnt already that the marginal
function is obtained by differentiating the total
cost function. Now we shall obtain the total
cost function when marginal cost function is
given, by integration.

3.2.1 Cost functions from marginal cost
functions

If C is the cost of producing an output x,

c
then marginal cost function MC =—. Using
X

integration, as the reverse process of

differentiation, we obtain,

Cost function C= I(MC) dx+k

QB365 - Ouestio% Bank Software

Where k is the constant of integration
which is to be evaluated,

C
Average cost function AC=—, x#0
X

Example 3.9

The marginal cost function of
manufacturing x shoes is 6+10x —6x”. The
cost producing a pair of shoes is ¥12. Find the
total and average cost function.

Solution:

Given,

Marginal cost MC= 6 +10x — 6x°
C=[MCdx+k

= [(6+10x - 6x*) dx +k
=6x+5x>=2x> +k (1)
when x =2, C =12 (given)
12 =12+20-16+k
k=-4
C =6x+5x" —2x" —4
C_6x+5x2—2x3—4

Average cost = —
x X

4
=6+5x—2x" ——
X
Example 3.10

A company has determined that the
marginal cost function for a product of a
particular ~ commodity is  given by
MC =125+10x — >—where C rupees is the
cost of producing x 119nits of the commodity. If
the fixed cost is I250 what is the cost of

producing 15 units.

Solution: 2
MC = 125+10x—?

C =J.MCdx+k

2
=j(125+10x—g de+k

Integral Caleulus — 1T I 65 -
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3
—125x +5x% — 2 +k
27

Fixed cost k= 250 ,
C  =125x+5x% =2 4250
27
Whenx =15 ;
> (15)
C =125(15)+5(15) — 250
=1875+1125—125+250

C =33,125

Example 3.11

The marginal cost function MC =2 + 5¢*
(i) Find G, if C (0)=100 (ii) Find AC.

Solution:
Given MC = 2+5¢”
=ch dx + k

:J.(2+Se") dx +k

=2x+5e" +k
x=0= C=100,
100 =2(0)+5(e’)+k

k=95
C=2x+5¢€" +95.

C 2x+5e"+95
Average cost = — = ———

X X
95
AC=2+"—+2,
x X
Rate of growth or sale

If the rate of growth or sale of a function
is a known function of ¢ say f (f) where ¢ is a
time measure, then total growth (or) sale of a

product over a time period t is given by,
r

Total sale = If(t)dt, 0<t<r

Example 3.12

The rate of new product is given by
f(x)=100 — 90 e * where x is the number of

- 66 I 12" Std. Business Mathematics and Statistics
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days the product is on the market. Find the total
sale during the first four days. (e*=0.018)

Solution:

Total sale = j.(IOO —-90e™" )dx
0

_ (100x+ 90e"‘)3

= 400+90e™* —(0+90)
= 400+ 90(0.018) —90
= 311.62 units

Example 3.13

A company produces 50,000 units per
week with 200 workers. The rate of change of
productions with respect to the change in the
number of additional labour x is represented as
300 —5 x% . If 64 additional labours are
employed, find out the additional number of
units, the company can produce.

Solution:

Let p be the additional product produced
for additional of x labour,

dp =300 — Sx%

dx

64 2
p = j(300—5x3de

[300x 3x3:|

= 300x 64 — 3(64
= 16128

*. The number of additional units produced
16128.

Total number of units produced by 264 workers
= 50,000 + 16,128 = 66128 units.

Example 3.14

The rate of change of sales of a company
after an advertisement campaign is represented
as, f (t)=30006_0'3t where t represents the
number of months after the advertisement.

QB365 - Ouestio%g Bank Software
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Find out the total cumulative sales
after 4 months and the sales during
the fifth month. Also find out the total
sales due to the advertisement campaign

[e7=03012, ¢ =0.2231]-
Solution:

Assume that F(t) is the total sales after t
months, sales rate is %F(t) =f (t)

F(r) = j f()dt
0

Total cumulative sales after 4 months.

F(4) = [ f(t)dt

4
- j3ooo e 03
0

—03t
=3000 | <
03 |,

=10,000 [e7? ¢’ |

=-10,000{0.3012 1]

= 6988 units

(ii) Sales during the 5th month
5
= jsooo e 03 gt
4 —03t ]
=3000| &
—-0.3
4
~ 10,000 [e‘“’ - e‘“]

= —10,000[0.2231-0.3012]

= 781 units

Total sales due to the advertisement campaign.

_ 3000 _ oo
_J'3000 03t g4 _ _03[ 03t:|0

= —10000[0 —1]
= 10,000 untis.

QB365 - Ouestio% Bank Software

Example 3.15

The price of a machine is 6,40,000 if the
rate of cost saving is represented by the function
f(t) = 20,000 t. Find out the number of years
required to recoup the cost of the function.

Solution:

t
Saving Cost  S(1) = [20000¢d
= 10000 #
To recoup the total price,
10000 £ = 640000
£ = 64
t =8

When t = 8 years, one can recoup the
price.

3.2.2 Revenue functions from Marginal
revenue functions

If R is the total revenue function when the

dR
output is x, then marginal revenue MR=—

Integrating with respect to ‘x” we get dx

Revenue Function, R = J.(MR) dx +k.
Where ‘k’ is the constant of integration

which can be evaluated under given conditions,
when x = 0, the total revenue R = 0,

R
Demand Function, P=—, x#0.
X

Example 3.16

For the marginal revenue function
MR =35+7x—3x" , find the revenue function
and demand function.

Solution:
Given MR = 35+ 7x —3x>

R = [(MR)dx+k
:J(35+7x—3x2)dx+k
R = 35x+§x2—x3+k

Since R=0 when x = 0, k=0

7
R :35x+5x2 —x°
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R
Demand function P =—
X
7 2

P =35+—x-x
2

W

Example 3.17

A firm has the marginal revenue function
given by MR =

- — ¢ where x is the output
(x + b)

and g, b, c are constants. Show that the demand
function is given by x =

b ( p+ c) -
Solution:

Given MR = a (x+l7)_2 —c

R = J‘a(x+b)_2 dx—cjdx

-1
R IM—CX-FIC
R =-— a —cx+k
x+b
Whenx = 0, R =0
0 :—%—c(0)+k
L_a
b
a a
R =- —cx+—
x+b b
—ab+a(x+b)
= —cXx
b(x+b)
R = L—cx
C b(x+b)
) R
Demand function P=—
b A
- b(x+b)
P+c = L
C b(x+b)
b(x+b) = —2
P+c
a
= ———b.
* b(P+c)

- 68 I 12" Std. Business Mathematics and Statistics

To find the Maximum Profit if Marginal
Revenue and Marginal cost function are given:

If ‘P’ denotes the profit function, then
dp _d dR dC

—=—(R-C)= —-— = MR-MC
dx dx dx dx

Integrating both sides with respect to x gives ,
P = [(MR-MC)dx+k

Where k is the constant of integration.
However if we are given additional information,
such as fixed cost or loss at zero level of output,
we can determine the constant k. Once P is
known, it can be maximum by using the concept
of maxima and minima.

Example 3.18

The marginal cost C'(x) and marginal revenue
R'(x) are given by C’(x)=50+ Sx_O
and R'(x)z 60. The fixed cost is 200.
Determine the maximum profit.

Solution:
Given C(x)

_[C’(x)dx +k,

.[(50 + i) dx +k,
50

2
50x+— + k,
100

C(x)

When quantity produced is zero, then the
fixed cost is 200.

i.e. When x=0,c=200

=k, = 200
Cost function is C(x) = 50x+ 1);—0 +200 (1)
The Revenue R’(x)= 60

R@) = [R(x)dx+k,

[60 dx+k,
= 60x+k,

When no product is sold, revenue = 0
ie. When x=0,R=0.
Revenue R(x) = 60x (2)

QB365 - Ouestio%g Bank Software
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Profit P = Total Revenue —2T0ta1 cost Example 3.20
= 60x—50x - —— 200 The marginal revenue function (in
2 thousand of rupees ) of a commodity is
= 10x-— X _ 200 10+ ¢7%%* Where x is the number of units
dp xlOO sold. Find the total revenue from the sale of 100
" 10 — = units (e =0.0067).
x
' d Solution:
To get profit maximum, ﬁ =0 = Given, Marginal revenue
2 R'(x) =10+
a2 - 5 < Total revenue from sale of 100 units is
. . _ 100
.". Profit is maximum when x = 500 and R= f (10 + e—o.o_r,x) dx
(500)2 ° 100
Maximum Profitis P =10(500)— T [ ¢ 005 ]
=|10x+
= 5000 - 2500 - 200 - 0
= 2300 -5
e 100
Profit = 2300. = (1000 ™0 05) —(0 —?)
Example 3.19 = 1000 +20 — (20 X 0.0067)

The marginal cost and marginal revenue

. . . =1019.87

with respect to commodity of a firm are given
by C’(x) =8+6x and R’(x)z 24. Find the Total revenue = 1019.87 x 1000

® total Profit given that the total cost at zero ~%10,19,870 ®

output is zero.

Solution: Example 3.21
Given MC = 8+ 6x The price of a machine is ¥5,00,000 with
C(x) _ J‘ (8 16 x) dx+k, an estimated life of 12 years. The estimated

salvage value is ¥30,000. The machine can be

2
= 8x+3x"+k (1) rented at 72,000 per year. The present value of

Butgivenwhen x=0,C=0 = k =0 the rental payment is calculated at 9% interest
rate. Find out whether it is advisable to rent the
C = 8x+3x* (2 -
) x+3x7 (2) machine. (e % = 0.3396).
Given that MR = 24
Solution:
R = |MRdx +k
() I X The present value of
ayment for t year = | 72000e 009 g¢
= J24 dx +k, bay Y 0 ¢
= dx+k Present value of 12
: payment for12 years = j 72000¢ """ dt
Revenue =0, when x=0 = k,=0 000112
R(x) = 24x (3) = 72000 le_ }
Total Profit functions P(x) = R(x) - C(x) 0
5 _ 72000 [ 009 (12)_ eo]
P(x) = 24x —8x—3x 20.09
= 16x —3x° = —8,00,000 [e—l.os_eo]
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=—8,00,000[0.3396 —1]
=5,28,320

Cost of the machine = 5, 00, 000 — 30, 000
= 4, 70, 000

Hence it not advisable to rent the machine

It is better to buy the machine.

Inventory :
Given the inventory on hand I (x) and
the unit holding cost (C,), the total inventory
T

carrying cost is C, [ I (x)dx, where T'is the time
0

period under consideration.

Example 3.22

A company receives a shipment of 200
cars every 30 days. From experience it is known
that the inventory on hand is related to the
number of days. Since the last shipment,
I (x)=200 —0.2x. Find the daily holding cost
for maintaining inventory for 30 days if the
daily holding cost is %3.5.

Solution:

Here I(x) = 200 -0.2x
C, = 235
T = 30

Total inventory carrying cost

r 30
= C, [I(x)dx =35 [ (200-0.2x)dx
0 0

2 30
0.2x
= 3.5| 200x — 5 = 20,685

0
Amount of an Annuity

The amount of an annuity is the sum of all
payments made plus all interest accumulated.
Let an annuity consist of equal payments of Rs.
p and let the interest rate of r percent annually
be compounded continuously.

Amount of annuity after N payments

N
A= J.pe”dt.
0

- 70 I 12" Std. Business Mathematics and Statistics
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Example 3.23

Mr. Arul invests 310,000 in ABC Bank
each year, which pays an interest of 10% per
annum compounded continuously for 5 years.

How much amount will there be after 5 years.
(¢°* =1.6487)

Solution:
p = 10000, r = 0.1, N =5
5
Annuity = [10000¢°" dt
0
_ 10000 (e()_lt )5
0.1 0

~100000 [eO'IXS —eo]
—100000 (e°-5 - 1)

=100000 [0.6487]
=364,870

Consumption of a Natural Resource

Suppose that p(#) is the annual
consumption of a natural resource in year t.
If the consumption of the resource is growing
exponentially at growth rate k, then the total
consumption of the resource after T years is
givenby T

{po et dt = %(ekT — 1)

Where p, is the initial annual
consumption at time ¢ = 0.

AY

=}

.S

g P(1) =P e

2

3

Py

O year T X
Fig. 3.15

Example 3.24

In year 2000 world gold production
was 2547 metric tons and it was growing
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exponentially at the rate of 0.6% per year. If the
growth continues at this rate, how many tons
of gold will be produced from 2000 to 2013?
[€%978 = 1.0811)

Example 3.25

x
When the Elasticity function is

x—2

Find the function when x = 6 and y = 16.

Solution: Solution:
Annual consumption at time ﬂ X
t = 0 (In the year 2000) : Po = 2547 E,  x=2
metric ton.
xdy o _ X
Total production of Gold from 2000 to y dx x—2
13
2013 = [2547¢" dt dy__x dx
0 y X—2 x
— 2547 [e0.00Gt]l?’ Id_y 3 J. dx
0.006 0 y X—2
= 424500 (¢*7* —1) logy = log(x—2)+logk
= 34,426.95 metric tons approximately. y = k(x-2)
whenx=6,y=16 =16 = k(6-2)
3.2.3 The demand functions from elasticity of
k =4
demand
Elasticity of the function y= f (x) at a y o= 4(x-2)

point x is defined as the limiting case of ratio
of the relative change in y to the relative change

Example 3.26

in x. Ay dy The elasticity of demand with respect to
~ . +2p°
n= ﬂ _ lim J _ ) price p for a commodity is 1, = P—p2
E A —0Ax | dx 100-p-p
x x Find demand function where price is I5 and the
x d demand is 70.
= 7n = -.—=
y dx .
Solution: 5
Elasticity of demand “pdx = L
asticity of deman = —=— d =
Y a x dp 100 p—p’
—dp  _dx 1 —pdx _ p(2p+])
p X My x dp 100 — p— p?
Integrating both sides w.r. to x dx _ (2 b+ 1)
- = = ——d
_'[d_P _ L X P +p—100"7
p g™ x P J' 2p+1 ]
Equation yields the demand function p” as a X B p2 +p—100 P

function of x.

The revenue function can be found out by using
integration.

logx = log(p® + p=100)+logk
- x= k(p*+ p—100)
When x=70, p=5,
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70 = k(25+5-100)
=k =-1
Hence x :10()—p—p2
R = px
Revenue = p(100-p - p2)

* Exercise 3.2

. The cost of over haul of an engine is ¥10,000

The operating cost per hour is at the rate of
2x —240 where the engine has run x km.
Find out the total cost if the engine run for
300 hours after overhaul.

E
. Elasticity of a function E_y is given by
X

Ey —7x

E_x (1 ~ Zx) (2 N 3x). Find the function

whenx=2,y=—.
4 8

. The elasticity of demand with respect to

(4-x)
price for a commodity is given by ,
X

where p is the price when demand is x. Find

the demand function when price is 4 and
the demand is 2. Also find the revenue
function.

. A company receives a shipment of 500

scooters every 30 days. From experience it is
known that the inventory on hand is related
to the number of days x. Since the shipment,
I(x)=500—-0.03x>, the daily holding
cost per scooter is X 0.3. Determine the total

cost for maintaining inventory for 30 days.

. An account fetches interest at the rate of 5%

per annum compounded continuously An
individual deposits 1,000 each year in his
account. How much will be in the account
after 5 years. (e”*° = 1.284) .

. The marginal cost function of a product is

given by . =100-10x +0.1x> where x
x

- 72 I 12" Std. Business Mathematics and Statistics
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10.

11.

12.

13.
14.

15.

16.

is the output. Obtain the total and the
average cost function of the firm under the

assumption, that its fixed cost is X 500.
2

. The marginal cost function is MC = 300 x5

and fixed cost is zero. Find out the total cost
and average cost functions.

. If the marginal cost function of x units of

a

outputis /-~ and if the cost of output is
zero. Find the total cost as a function of x.

. Determine the cost of producing 200 air

conditioners if the marginal cost (is per
2

unit) is C’ (x)zx—+4.

200
The marginal revenue (in thousands of
Rupees) functions for a particular

~0.03x
where x denotes

commodity is 5+3 e
the number of units sold. Determine the
total revenue from the sale of 100 units.

(Given ¢ = ().05approximately)

If the marginal revenue function for a
commodity is MR=9—4x". Find the
demand function.

Given the marginal revenue function
4
(2x+3)2
function is P =

—1, show that the average revenue
4

6x+9

A firm’s marginal revenue function is

1.

MR =20¢ /" (1 - %j Find  the

corresponding demand function.

The marginal cost of production of a firm is
given by C’(x) =5+0.13x, the marginal
revenue is given by R’(x) =18 and the
fixed cost is T 120. Find the profit function.

If the marginal revenue function is
R’ (x)z 1500 — 4x — 3x”.Find the revenue
function and average revenue function.

Find the revenue function and the demand
function if the marginal revenue for x units
is MR= 10+ 3x — x”.
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17. The marginal cost function of a commodity

14000
is given by MC= Nen and the fixed

cost is T18,000. Find the total cost and
average cost.

18. If the marginal cost (MC) of a production
of the company is directly proportional to
the number of units (x) produced, then find
the total cost function, when the fixed cost
is ¥ 5,000 and the cost of producing 50 units
is ¥ 5,625.

19. If MR = 20 —5x + 3x?, find total revenue
function.

20. If MR = 14—6x+9x2, find the demand
function.

3.2.4 Consumer’s surplus:

This theory was developed by the great
economist Marshal. The demand function
reveals the relationship between the quantities
that the people would buy at a given price. It can
be expressed as p= f(x)

Let us assume that the demand of the
product x = x when the price is p, - But there
can be some consumer who is ready to pay q,
which is more than p, for the same quantity
X, - Any consumer who is ready to pay the price
more than p, gains from the fact that the price
is only p,- This gain is called the consumer’s
surplus.

It is represented in the following diagram

AY
o CS
&
B P pofw
o X, A X
4 Quantity
Fig. 3.16

QB365 - Ouestio% Bank Software

Mathematically the Consumer’s Surplus
(CS) can be defined as

CS = (Area under the demand curve from
x=0to x = x, ) - (Area of the rectangle OAPB)

Cs = f(x)dx—x,p,
0

Example 3.27
The demand function of a commodity
isy=36— x*. Find the consumer’s surplus for

Yo = 11.

Solution:

Given y=36—x"andy,=11

11 = 36-x°

x> = 25

X = 5
X

CS = J(demand function) dx -
0

(Price x quantity demanded)
5

= [(36-x")dx - 5x11
0

3 5
= 36x—x—:| _ 55
3

3 3

Hence the consumer’s surplus is = Y units.

3.2.5 Producer surplus

A supply function g(x) represents the
quantity that can be supplied at a price p. Let p, be
the market price for the corresponding supply x,
. But there can be some producers who are willing
to supply the commodity below the market price
gain from the fact that the price is p,. This gain is

Integral Caleulus — 1T I 73 -
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called the producer’s surplus. It is represented in

the following diagram.

AY P|S
B I P
ke
& P
0
“T15 A >
Y X . X
Quantity
Fig. 3.17

Mathematically, producer’s surplus (PS)
can be defined as,

PS = (Area of the rectangle OAPB) —
(Area below the supply function from
x=0to x= x )

PS=x,p, - jg(x)dx
0

Example 3.28
Find the producer’s surplus defined by
the supply curve g(x) = 4x+8 when x_= 5.

Solution:
gx) = 4x +8and x,=5
p, =  4(5)+8=28
X
PS = X, Py~ Ig(x)dx
0

5
- (5%28) —j(4x +8)dx
0

) 5
- 140 - {4(’“—) + 8x:|
2
0
= 140 - (50 + 40)

= 50 units

Hence the producer’s surplus = 50 units.

Example 3.29
The demand and supply function of a

commodity are p, =18—2x — x> and

- 74 I 12" Std. Business Mathematics and Statistics
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P, = 2x —3. Find the consumer’ surplus and
producer’s surplus at equilibrium price.

4
a

o
g YOU' A

A4 KNOW?

The point of intersection of |
demand and supply curves is
called equilibrium point.

At equilibrium point g, = g

S]

Solution:
Given P, =18—2x —x’ ;P, =2x —3
We know that at equilibrium prices p,; = p,
18—2x —x* = 2x-3
x*+4x =21 =0
x=3)(x+7)=0
X = -7o0r3

The value of x cannot be negative, x =3

When X =3
P, = 18-2(3) «(3)*=3
CS = Jf(x)dx—xopo
0
3
= [a8-2x—x")dx -3x3
0
3 3
= 18x—x2_x— -9
3 0
33
= 18(3)—(3)2—[—)—9
3
CS = 27 units
PS =

x,P, —jg(x) dx
0

3
(3><3)—j(2x—3)dx
0

9—(x2 —3x)z

= 9 units
Hence at equilibrium price,
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(i) the consumer’s surplus is 27 units

(ii) the producer’s surplus is 9 units.

10.

% Exercise 3.3

Calculate consumer’s surplus if the demand
function p=50—-2x and x =20

Calculate consumer’s surplus if the demand
function p=122—5x—2x*and x=6

The demand function p=85—5x and
supply function p =3x —35. Calculate the
equilibrium price and quantity demanded
.Also calculate consumer’s surplus.

The demand function for a commodity is
p=e ".Find the consumer’s surplus when
p=0.5.

Calculate the producer’s surplus at x =5
for the supply function p =7 + x.

If the supply function for a product is
p=3x+5x2.Find the producer’s surplus

when x = 4.

The demand function for a commodity is

p_x+4
when the prevailing market price is 6.

. Find the consumer’s surplus

The demand and supply functions under
perfect competition are p,=1600— x>
and p, = 2x* +400 respectively. Find the
producer’s surplus.

Under perfect competition for a commodity

the demand and supply laws are
x+3

p,= i_z and p = respectively.

x+1
Find the consumer’s and producer’s surplus.

The demand equation for a products is

x=4/100— p and the supply equation is
P

X = 5— 10. Determine the consumer’s

surplus and producer’s surplus, under

market equilibrium.

QB365 - Ouestio% Bank Software

11. Find the consumer’s surplus and producer’s
surplus for the demand function
p;=25-3x and supply function
p, =5+2x.

* Exercise 3.4

Choose the best answer form the given
alternatives

1. Area bounded by the curve y= x(4 - x)
between the limits 0 and 4 with x — axis is

30 31
(a) — sq.units (b) — sq.units
3 2
32 15
(c)— sq.units (d) — sq.units
3 2
2. Area bounded by the curve y=e "
between the limits 0 < x < oo s
1
(a)l sq.units (b) 5 sq.unit

(¢) 5 sq.units (d) 2 sq.units

1
3. Areabounded by the curve y =— between

X
the limits 1 and 2 is
(a) log2 sq.units  (b) log5 sq.units
(c) log3 sq.units  (d) log 4 sq.units

4. If the marginal revenue function of a firm is
—X

MR=e 1%, then revenue is
—X —X

(a) —10e® (b)) 1—el®

(c)lO[l—eIgJ (d) e +10

JIFXVR

5. IfMRand MC denotes the marginal revenue

and marginal cost functions, then the profit
functions is

(a) P=[(MR-MC) dx+k
(b) P=[(MR+MC) dx+k
(c) P=[(MR)(MC)dx +k
(d) P=[(R—C)dx+k

Integral Calenlus — 11 I 75 -
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10.

11.

12.
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The demand and supply functions are given
by D(x): 16 —x* and S(x) =2x*+4 are
under perfect competition, then the
equilibrium price x is

(@2 (b)3 (c) 4 (d)5

The marginal revenue and marginal cost
functions ofa companyare MR =30-06x
and MC=-24+3x where xis the
product, then the profit function is

(a) 9x% + 54x (b) 9x* —54x

2 2
(c)54x—9% (d) 54x—9%+k

The given demand and supply function are
given byD(x) =20->5x and S(x) =4x+8 if
they are under perfect competition then the

equilibrium demand is

41 40 41
a)40 (b) — c)— (d)—
(a) (b) 5 (c) 3 (d) s

If the marginal revenue MR =35+7x —3x°,

then the average revenue AR is
2

7 7
(@) 35x+%—x3 (b) 35+7x—x2

7
©) 35+7x+x2 (d) 35+ 7x + x°

The profit of a function p(x) is maximum
when

(a) MC—MR=0
(c) MR=0

(b) MC=0

(d) MC+MR=0

For the demand function p(x), the elasticity of
demand with respect to price is unity then

(a) revenue is constant

(b) cost function is constant

(¢) profit is constant

(d) none of these

The demand function for the marginal
function MR =100—9x is

(a) 100 —3x° (b)100x — 3x*
(c)100x —9x? (d)100 + 9x>

- 76 I 12" Std. Business Mathematics and Statistics

13.

14.

15.

16.

17.

18.

19.

When x, =5 and p,=3 the consumer’s
surplus for the demand function
=28—x" is
P , 250
(a) 250 units (b) T units

251 251
(C)T units (d) T units

When x,=2 and P, =12 the producer’s
surplus for the supply function P, = 2x% +4
is
31 31
(@) — units (b) —units
5 2

32 30
c) — units (d) — units
( 3 7

Area bounded by y =x between the lines
y=1,y=2 with y=axis is

1 5
(a) 5 sq.units (b) 5 sq.units

(c) E sq.units (d) 1 sq.unit

The producer’s surplus when the supply
function for a
P=3+x and x,=3is

commodity  is

5 9 3 7
(a) 5 (b) 2 () > (d) >

Themarginal costfunctionis MC = 100/x.
find AC given that TC =0 when the out put
is zero is

1 3
200 - 200 =
a) —x? b) — x2
(a) 3 (b) 3
200 200
() — (d) —
3x2 3x2

The demand and supply function of a
commodity are P(x)=(x—-5)*> and
S(x)=x*+x+3 then the equilibrium
quantity x, is

(a) 5 (b) 2 (c)3 (d) 1

The demand and supply function of a

commodity are

S(x) = 10:)6 then the equilibrium price

P, is
(a)5 (b) 2 (c)3 (d) 10

D(x)=25-2x and
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If MR and MC denote the marginal revenue
and marginal cost and
MR- MC=36x—3x"—81, then the
maximum profit at x is equal to

(@3 ()6 (©9 (d)5

If the marginal revenue of a firm is constant,
then the demand function is

@MR (b)MC (c) C(x) (d) AC
For a demand function
p,if Id—p: kjd—x then k isequal to
P ¥ 1
@ n;  O®)-n; (©— (d)—
Ma Na

Areabounded by y =e” between the limits
Otolis
(a)(e—1) sq.units (b)(e+1) sq.units

(c) (1 — 1) sq.units (d) (1 + l) sq.units
e e

The area bounded by the parabola y* = 4x
bounded by its latus rectum is

16 8
(a) ?sq.units (b) gsq.units
2 1
(c)%sq.units (d) gsq.units

Areabounded by y = |x| between the limits
Oand 2is

(a) 1sq.units (b) 3 sq.units
(c) 2 sq.units (d) 4 sq.units

Miscellaneous problems

A manufacture’s marginal revenue function
is given by MR=275 — x —0.3x”. Find the
increase in the manufactures total revenue
if the production is increased from 10 to 20
units.

A company has determined that marginal
cost function for x product of a

particular commodity is given by

2
MC= 125+10x—%. Where C is the cost

QB365 - Ouestio% Bank Software

10.

of producing x units of the commodity. If
the fixed cost is ¥ 250 what is cost of
producing 15 units

The marginal revenue function for a firm is

2 2x +5
iven by MR= - - Show
SV X403 (xt3)
that the demand function is P = +5.
x+3
For the marginal revenue function

MR =6-3x"— x3, Find the revenue
function and demand function.

The marginal cost of production of a firm is
given by C’(x)=20+ % the marginal
revenue is given by R’ (x) =30 and the
fixed cost is ¥ 100. Find the profit function.

The demand equation for a product is
p, =20-5x and the supply equation is
p, =4x+8. Determine the consumer’s
surplus and producer’s surplus under

market equilibrium.

A company requires f(x) number of hours
to produce 500 units. It is represented by
f(x)=1800x""*. Find out the number of
hours required to produce additional 400
units. [(900)%6=59.22, (500)%6=41.63]

The price elasticity of demand for a

commodity isﬁ. Find the demand

3
X
function if the quantity of demand is 3,

when the price is 2.

Find the area of the region bounded by the
curve between  the  parabola
y=8x>—4x+6 the y-axis and the

ordinate at x = 2.

Find the area of the region bounded by the
curve y*=27x’and the lines x = 0, y = 1
and y = 2.

Integral Calenlus — 11 I 77 -
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® Thearea of the region bounded by the curve y = f (x) betweenlimits x=a and x=b
b

with x —axis if area lies above x-axis is :J y dx.
® The area of the region bounded by the curve y= f(x) between the limits x =a and
b

x=b with x —axis if area lies below x —axisis = j—ydx
a

® The area of the region bounded by the curve x= g(y) between te limits y = ¢ and
d
y =d with y - axis if the area lies to the right of y- axis is= Ix dy
® The area of the region bounded by the curve x=g (y) between the limits y=d and y=e

e
with y-axis if the area lies to the left of y- axis is = j—x dy

d
® The area between the two given curves y=f(x) and y=g(x) from x=a to x=0,
b

is J(f(x) —g(x)) dx.
® [f the rate of growth or sale of a function is a known function of t say f(¢) where ¢ is a

time measure, then total growth (or) sale of a product over a time period t is given by,
r

@ Total sale = If(t)dt, 0<t<r ®

‘ -p d
® Elasticity of demand is 1), = P ax
x dp

T
® Total inventory carrying cost =, J-I (x)dx
0 N
® Amount of annuity after N Payment is A = J pe’" dt

o

® Cost functionis C= J(MC) dx+k.

C
® Average cost functionis AC=—,x#0
X

® Revenue function is R= I(MR )dx + k.

® Demand functionis P=—
X

® Profit function is =MR-MC = R’(x) — C’(x)

Xq
® Consumer’s surplus = Jf(x) dx —x,p,
0 %
® Producer’s surplus = x,p, — J.p(x) dx
0
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i QB365 - Ouestio%g Bank Software —

‘ ‘ XII Std - Business Maths & Stat EM Chapter 3.indd 78 2/28/2020 5:50:14 PM ‘ ‘




QB365 - Ouestiogﬁ Bank Software

GLOSSARY (&eme0&F6\&mmaei)

Annuity

Average cost function
Consumer’s surplus
Cost function
Demand function
Equilibrium

Fixed cost
Integration

Inventory

Manufacturer

Marginal cost function

Marginal revenue function

Maximum Profit
Out put

Producer’s surplus
Production

Profit

Reveunue function

Supply function

ICT Corner

B284_12_BUS_MAT_EM

Browse in the link
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Expected Result is
shown in this picture

5 — 2x — x* and the demand x3is 3, what will be the consumers’ surplus.

Move he point A" 10 change x, vaioe
Demand x, = 3
When x,=3, P =20

Consumers ! Surplus = /,{35 — 22 —a?)dz —zoPy

=87 — (3X20) = 87 — 60 = 27

Consumers’ Surplus = Area of the Shaded region =27

o a

= GeoGebra

Consumers' Surplus
P

Consumers' Surplus

[ ——

Demand x, =416

When x,=4.16, P =9.35

Consumerd' Surplus = [ ** (06 - 22 - e - xaPs
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Ditterential Ei NS

Introduction

ifferential  equations, began  with
Gottfried Wilhelm Leibnitz. He was a Germen
Philosopher, mathematicians, and logician.

. : . In lower class, we have studied algebraic equations like
SRR 5% —3(x—6) =4x, x*—7x+12=0, |[18x—5/=3. The goal
here was to solve the equation, which meant to find the value (or

(1t July 1646 -
14" November 1716)

values) of the variable that makes the equation true.

For example, x =9 is the solution to the first equation because only
where 9 is substituted for x both sides of the equation are identical.

In general each type of algebraic equation had its own particular
method of solution; quadratic equations were solved by one method
equations involving absolute values by another, and so on. In each case, an equation was presented,
and a certain method was employed to arrive at a solution, a method appropriate or the particular
equation at hand.

These same general ideas carry over to differential equations, which
are equations involving derivatives. There are different types of differential
equations, and each type requires its own particular solution method.

Many problems related to economics, commerce and engineering,
when formulated in mathematical forms, lead to differential equations. Many
of these problems are complex in nature and very difficult to understand. But

620

when they are described by differential equations, it is easy to analyse them. M2ZL

Learning Objectives ® formation of Differential equations

® differential equations with variable

After studying this chapter , the students will separable

be able to understand : . .
® homogeneous differential equations

® order of the differential equations
. ) ) linear differential equations
® degree of the differential equations
second order linear differential

® general and Particular solution of : . .
equations with constant coeflicients.

Differential equations

- 80 I 12" Std. Business Mathematics and Statistics
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A differential equation is an equation with

&y (&y) (dyY
a function and one or more of its derivatives. )3’ ( _)2’ ) +( ay ) +y=7
(i.e) an equation withzthe function y = f(x) and dx dx dx
its derivatives d_y, ay ... is called differential d’y
equation dx’ dx? Here the highest order derivatives is e
’ ( i.e 3rd order derivative). So the order of the
For example, : : .
differential equation is 3.
d dy 1-x? 4
i) L=x+5 (i) ===
dx dx V2-y Fe Now the power of highest order derivative
— is 1.
d2 d 2 d2 3 18
(iii) —)2’+2(—y) =0 (iv) —f+m2x=0 X
dx dx dt The degree of the differential

equation is 1.

Differential equations are of two types.
One is ordinary differential equations and other Example 4.1
one partial differential equations. Here we study

Find the order and degree of the following

only ordinary differential equations. differential equations

2
d_y) +4y=0

4.1 Formation of ordinary differential 4’y
( dx

ti (i) —%5+3
equations I

4.1.1 Definition of ordinary differential

. 2
® equation (i) dy 5 dy +3y=0 @
2
An ordinary differential equation is an dx dx
equation that involves some ordinary derivatives d> y dy 6 5
dv 42 (i) —5-3| = | +2y=x
_)/’_)/,m of a function y= f(x) Here dx dx
dx dx* 3
we have one independent variable. d%v 2 42
v) [1+52[ =a%L
dx dx
4.1.2 Order and degree of a differential
equation , 2 N2
Wy +(7) =(x+y")
The highest order derivative present
in the differential equation is the order of the 3 1
e . dy (dy )
differential equation. (vi) —45—-|-—=| =0
dx’ \dx
Degree is the highest power of the
highest order derivative in the differential B dy 2 dx
equation, after the equation has been cleared (vii) y=2 dx +4x5
from fractions and the radicals as for as the
derivatives are concerned. Solution

2 2
For example, consider the differential (i) ady + 3(d_y) +4y=0
dx

. 2
equation dx

Differential Equations I 81 -
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is 1.

(ii)

is 1.

(iii)

® (iv)

(v)

(vi)
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2

Highest order derivative is )
X

.. order =2
2

d’y

Power of the highest order derivative —=-

dx?

Degree =1
2

d d

£X 2% 3y-0

dx dx dZ

Highest order derivative is ol
X

*. order =2
2

d’y

Power of the highest order derivative—=-

dx®

. Degree = 1
&y (dyY )
— =3 =1 +2y=x
dx’ (dx) 4
*. order =3, Degree =1
3
2. Th 2
WAL L
dx dx

Here we eliminate the radical sign.

Squaring both sides, we get

2y L (&2yY
1+—)2/ =a’ —)2/
dx dx

.. Order=2, degree =3
2

y/+(y”) (x+y//)2
y/ + (y”)z :x2 + ny” + (y”)z

2
Yy =x"+2xy" = d—y:x2 +2xd—y

dx dx?

. Order=2, degree=1
1

dy (dy):
— | = | =0
dx dx

Here we eliminate the radical sign.

For this write the equation as

y_ (d_y)i
dx® dx

Squaring both sides, we get

£y d
ay|l_a
(dx3] dx

.. Order=3, degree=2

2
(vii) y= Z(d—y) + 4xd—x
dx

dy2 1
¢ (d) g

X

3
yd—y=2(d—y) +4x
dx dx

*. order=1, degree=3

Do Agw
g YOU A =
"' Orderand degree (if defined) of

a differential equation are always
positive integers.

Family of Curves

Sometimes a family of curves can be
represented by a single equation with one
or more arbitrary constants. By assigning
different values for constants, we get a family of
curves. The arbitrary constants are called the
parameters of the family.

For example,

(i) y>=4ax represents the equation of a
family of parabolas having the origin as
vertex where ‘a” is the parameter.

(i) x>+ y2 =a’ represents the equation of
family of circles having the origin as centre,
where ‘a’ is the parameter.

(iii) y = mx+c represents the equation of a
family of straight lines in a plane, where m
and c are parameters.

- 82 I 12" Std. Business Mathematics and Statistics
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4.1.3 Formation of ordinary differential
equation:

Consider the equation f (x, y,cl) =0 --(1)
where ¢, is the arbitrary constant. We form the
differential equation from this equation. For
this, differentiate equation (1) with respect to the
independent variable occur in the equation.

Eliminate the arbitrary constant ¢, from (1)
and its derivative. Then we get the required
differential equation.

Suppose we have f(x,y,cl,cz) =0. Here
we have two arbitrary constants ¢, and c, . So,
find the first two successive derivatives. Eliminate
c,and ¢, from the given function and the
successive derivatives. We get the required
differential equation.

The order of the differential equation

to be formed is equal to the number

of arbitrary constants present in the
@ equation of the family of curves.

Example 4.2

Find the differential equation of the
family of straight lines y=mx+c when
(ii) c¢ is the
(iii) m and c¢ both are

(i) m is the arbitrary constant
arbitrary constant
arbitrary constants.

Solution:
(i) misan arbitrary constant

y=mx+c (1)

Differentiating w.r. to x ,

we get Y m ..(2)
dx

Now we eliminate m from (1) and (2)

For this substitute (2) in (1)

y=xd—y+c
d dx

x—y—y+(;=0 which is the
dx

required differential equation of first
order.

(ii)  cis an arbitrary constant
Differentiating (1), we get d_y =m
x

Here ¢ is eliminated from the given

equation

dy _ . N
S.—~—=m 1is the required differential

dx
equation.

Y
X
Fig. 4.2 ®

(iii) both m and c are arbitrary constants
Since m and ¢ are two arbitrary constants
differentiating (1) twice we get

a_
dx

2
7 _y
dx

Here m and ¢ are eliminated from the
given equation.

d2
—)2/ =0 whichistherequired differential
dx
equation.
oo
&
Ay N
I
\ )
X ‘L\\\V) *
N ‘{-X
4

Fig. 4.3

Differential Equatz'oml 83 -

i QB365 - Ouestio%g Bank Software —

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 83

2/28/2020 6:01:13 PM‘ ‘



QB365 - Ouestio% Bank Software

Example 4.3
Find the differential equation of the family
of curves y = —+b where a and b are arbitrary
constants.
Solution:
, a
Given y=—+b
X
Differentiating w.r.t x , we get
dy -a
dx x°
d
P A
dx

Again differentiating w.r.t x we get

2
xzd y+2xd—y:0

dx* dx
2
:>xd—)2/+2d—y=0 which is
dx dx

the required differential equation

Example 4.4
@ Find  the differential ~ equation
corresponding to y =ae** +be™™ where a, b
are arbitrary constants,
Solution:
Given y=ae™ +be™. (1)

Here a and b are arbitrary constants

dy = 4ae*™ —be™  (2)

F 1), —
rom (1) »
2
and % = 16ae** +be™ (3)
X
d)’ 4x
(D+(2) = y+d— = 5ae (4)
X
2
@+(3) = Z—Mj—{ _ 20a¢™
x  dx
= 4(5ae4x)
dy
e
dy  d’y Zj
LSl = ayrat
dx dx dx

- 84 I 12" Std. Business Mathematics and Statistics
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2

dy ,dy

dx? dx

y = 0, which is the

required differential equation.

Example 4.5

Find the differential equation of the family
of curves y = e* (acosx + bsinx) where aand
b are arbitrary constants.

Solution :
y=ex(acosx+bsinx) (1)
Differentiating (1) w.r.t x, we get
dy = ex(acosx+bsinx)+
dx
e (—a sinx + bcos x)
= y+e (—asinx+bcosx)
(from (1))

dy . ,
= ——y= e (—asinx+bcosx) (2)

dx
Again differentiating, we get
d’y dy
x> dx ®
e*(—a sinx+b cosx)+e*(—a cosx —b sinx)
d’y _dy _
x> dx
e*(—asinx+bcosx)—e* (acosx+bsinx)
dy dy _(dy
X2 2oy |-y (from(1)and
dx2 dx (dx y )’ (rom()an ())

2
d_)2/ -2 dy +2y =0, which is the requited
dx dx

differential equation.

* Exercise 4.1

1. Find the order and degree of the following
differential equations.

(i) d—y+2y=x3

dx
3 3

(ii) d—y+3(d—y) 2P g
dx’ dx dx

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 84
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2
y_ |, Y
(i) dx® 4 dx
3
(iv) d—xf -0
) s\
(V) d_y + + d_y — d_y 0
dx* dx dx’

2. Find the differential equation of the

following
(i)y:cx+c—c3 (ii)y:c(x—c)2
(iii) xy = c* (iv) x* + yz =a’

3. Formthedifferential equation by eliminating
a and B from (x—oz)2 +(y—ﬁ)2 =r’.

4. Find the differential equation of the family
of all straight lines passing through the
origin.

5. Form the differential equation that
represents all parabolas each of which has a
latus rectum 4a and whose axes are parallel
to the x axis.

6. Find the differential equation of all circles
passing through the origin and having their
centers on the y axis.

7. Find the differential equation of the family
of parabola with foci at the origin and axis
along the x-axis.

Solution of a Differential Equation:

The relation between the dependent and
independent variables not involving derivatives
is called the solution of the differential equation.

Solution of the differential equation must
contain the same number of arbitrary constants
as the order of the equation. Such a solution
is called General (complete) solution of the
differential equation.

QB365 - Ouestio% Bank Software

4.2 First order and first degree differential
equations
A differential equation of first order and first

d
degree can be written as f (x, y,d—y) =0. Here
X

we will discuss the solution of few types of

equations.

4.2.1 Generalsolutionand particularsolution

For any differential equations it is possible
to find the general solution and particular
solution.

4.2.2 Differential Equation in which
variables are separable
If in an equation it is possible to collect all
the terms of x and dx on one side and all the
terms of y and dy on the other side, then the
variables are said to be separable. Thus the
general form of such an equation is

fx)dx = g(y)dy (or) flx)dx + g(y)dy =0
By direct integration we get the solution.
Example 4.6
Solve: (x* +x+1)dx+ (y2 —y+3)dy=0

Solution:
Given (x* +x+1)dx+ (y2 —y+3)dy =0

It is of the form f(x)dx+ g(y)dy = 0

Integrating , we get

j(x2+x+1)dx+j(y2—y+3) dy=c

3 2 3 2
(x_+x_+xJ (y__y_+3y]=c
3 2 3 2

Example 4.7
d x — _
Solve—yze Y xte
X
Solution :
d _ _ _ _
Given —y=ex YyxPe 7V =e Ve + e0x°
X
_ —y( x 2)
=e e +x

Differential Equatz'oml 85 -
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Separating the variables, Integrating, we get
we get e’dy = (e" +x2)dx J'sec2 x Jrjsecz Y gy .
Integrating, we get Jey dy = j(ex +x° )dx tanx tany
\ logtanx +logtan y = logc
X
e =e"+—+c log(tanxtan y) = logc
3
Example 4.8 tanx tan y _ .

Solve 3¢* tan ydx + (1+¢*)sec” ydy =0

) e Example 4.10

given y(O) =— ,
4 Solve ydx —xdy —3x*y*e* dx=0.

Solution:
Given 3e” tan ydx + (1+e*)sec’y dy =0 Solution:
X X Given equation can be written as
3¢“tany dx = —(1+e")sec’y dy ydx — xdy q2 I
30" sec? y ————-3x"¢" dx=0
- dx - dy Y ydx —xdy 5 3
l+e tan y Integrating, J.—Z—J.3x e dx =c
Integrati t3j a dx fﬂd +c 9)61 t
ntegratng, we ge =— RO P —
LA TP tanyy Jd(y) Iedt - ¢
3log(1+e*) = —logtany+logc

(where t =x° and df =3x%dx )

[-;j?((j)) dx=logf(x):| X _.

® i’ ®
log(1+¢*)’ +logtany =logc ;_ex =c
x)? Example 4.11
log (1+e ) tany| =logc ple <. dx , dx
Solve: x —y—=a| x" +—
1 x\3 _ d)/ dy
(I+e")tany  =c (1) Solution:
- T T Givenx—yd—x:a x2+d—x
Given y(o)—q (ie) y = 1 at x=0 dy dy
X 2 X
)= 1+ tanl = ¢ XxX—y—=ax'+a—
()= Qe ung 5 5
2°(1) =¢ 5 dx  dx
Xx—ax’ = a—+y—
= =8 dy dy
Hence the required solution is X (1 — ax) = (a+y) d_x
(1+e*)’tany =8. dy
Example 4.9 By separating the variables
Solve sec’ x tan ydx+ sec’ ytanxdy =0 dx dy
we get, =
Solution: x(l—ax) a+y
Separating the variables, we get a 1 dy
sec” x sec’ +— |dx=
)
dx+ dy =0 l—ax x aty
tanx tan y
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Integratin _[ + ! dx = dy solutior:
& & l—ax x a4 y Slope of the normal at any point
dx
—log(l—ax)+logx:10g(a+y)+logc P(x,y)=—5
log(1 X ) :log(c(a+y)) Let Qbe (1,0)
Slope of the normal PQ is YA
a = c(a+y) -0 2T h
I—ax 4 ie., y—2_ r
x-1 x-1
x= (1—ax)(a+ y)c which is the required d d
solution _d_x = 1 = d_x = T Y , which is the
' Yy X~ Y L= X
Example 4.12 differential equation
The marginal cost function of Lo (1-x)dx = ydy
manufacturing x gloves is 6 +10x —6x”. The o
total cost of producing a pair of gloves is ¥100. J(l — x)dx = Jydy +c
Find the total and average cost function. X2 y?
xX—— = “—+c (1)
Solution: 2 2
Given MC = 6+10x —6x> Since it passes through (1,2)
d 1 4
ie, — = 6+10x—6x° -2 = J+c
dx
® de = (6+10x—6x)dx =l , 3 ®
2 2
= |[(6+10x—6x*)dx+ -3
fdc = [(6+10x-6x")dx+k bt A S
x* % k 2
c = 6x+10——-6—+ 2 2
2 3 Xy 3
¢ = 6x+5¢ —22%+k (1) 222
2x—x" = y* -3
Given ¢=100 whenx=2
2 _ )
(1) = 100 = 12+5(4)—2(8)+k = yoo=2x-x+3
which is the equation of the curve
= k =84
(1) = c(x) = 6x+5x*—2x>+84 Example 4.14
84 i
Average Cost AC = € o 645x—2x2 42 . The sum of .?2,000 is Fompounqed
X X continuously, the nominal rate of interest being

Example 4.13 5% per annum. In how many years will the

amount be double the original principal?

The normal lines to a given curve at each
(log,2=0.6931)

point(x, y) on the curve pass through the point

(1,0). The curve passes through the point (1,2). Solution:

Formulate the differential equation representing Let P be the principal at time ¥

the problem and hence find the equation of the dP 5

—=——P=0.05P
curve. dr 100
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Given

. Solve:
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dP

J
|
Il

jo.os dt+c

log, P = 0.05t+c

0.05¢
P = ¢

P = CleO.OSt (1)
P=2000 whent=0
= ¢, = 2000
(1) = P = 2000e"

To find t,when P =4000

()= 4000 = 2,000e"*"
5 = 00t
0.05t = log2
0.6931 )
t = = 14 years (approximately)

0.05

* Exercise 4.2

2
(i) d_ ae’ (i) Lt dy
dx

= xy—=

1+y dx

dy

.Solve: y(1-x)—x—=o0

dx

. Solve: (i) ydx—xdy=0

(ii) d—y+e" +ye* =0
dx

. Solve: cos x(1+ cos y)dx—sin y(1+sinx)dy=0

.Solve: (1—-x)dy—(1+ y)dx=0

d
. G) 2

. Solve —= ysin2x

(ii) log(jy) =ax+by

X

. Find the curve whose gradient at any point

? and which passes

P(x,y) on it is Al
through the origin.

88 I 12" Std. Business Mathematics and Statistics

4.2.3 Homogeneous Differential Equations
A differential equation of the form

dy_fxy)

dx  g(x,y)
differential equation if f(x,y)and g(x, y) are

is called homogeneous

homogeneous functions of the same degree in

x and y (or) Homogeneous differential can be

written as 4 _ F(Z)
dx X

Method of solving first order Homogeneous
differential equation

Check f(x,y) and g(x,y) are

homogeneous functions of same degree.

ie. d_y =F (Z)
dx X

d d
Put  y=wvx and Doy
dx dx

The given differential equation becomes

d
v+x Z=F (v)
dx
Separating the variables, we get
d d d
x —v:F(v)—v - 2 2
dx F(v)-v x
By integrating we get the solution in terms
of vand x.

Replacing v by 2 we get the solution.
X

Note i

Sometimes it becomes easier by

taking the Homogeneous differential
equation as @zF(fj (1)
dy  \»y

In this method we have to substitute x

dx dv
=vyyand —=v+x — then (1) reduces
to variable %}eparable tyf;e. By integrating,
we get the solution in terms of v and y. The

solution is deduced by replacing v = =
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Example 4.15 " c
Solve the differential equation 1+2v - ;
yidx+(xy+x*)dy =0 y
Replace v = < weget
Solution y X
yidx+(xy+x>)dy = 0 x o
X
(xy+x*)dy = —y’dx ‘f1+2—y
dy i -
2z - M)
dx xy+x° _INY Jx = ¢
It is a homogeneous differential equation, X T2y
same degree in x and y v o
dy dv T+ 2y
Put y=vx and a—v+xa where k = &
.. (1) becomes N
dv —v’x? Note i
Vix— = —
dx X VX +X 1+
14
—? J. > dv can be done by the
= v +2v
v +21 method of partial fraction also.
dv —v
xX— = -V
dx v+1
2.2
® A A Example 4.16 ®
v+1 Solve  the  differential  equation
dv —(v+2v2) d_yzx—y.
xX— = —
dx 1+v dx x+y
Now, separating the variables Solution:
1+v —dx dy _XxX7) )
Y 4 = 2 7 n (1)
v(1+2v) x xoxTy
(1 + 21/) —v —dx This is a homogeneous differential
——dv = — i
v(1+21/) x equation.
dy dv
( 1+v = 1+2v—v) Nowput y=vx and —=v+x—
J dx dx
11 dy = dv X — VX
v 1+2v x S = vhx— =
dx xX+vx
On Integration we have 1—v
J 11 ), - (% 14w
v 142y X dv 1—v
1 xX— = —=v
logv—glog (1+2v)= —log x+log c dx 1+v
1-2v—v?
J1+2v x Y

Differential Equatz'oml 89 -
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1+v I _ —_dx

v +2v -1 X
Multiply 2 on both sides
2+2v dx

z—dV = -2—
vo+2v—1 X

On Integration

242 d
J’ v ++2VV—1 dv B _2'[ %

log (v +2v —1) —2log x + log ¢

v 42y -1 - =
X

x* (VP +2v-1) = ¢

Now, Replace v -2
x

|
a

2
x’ [y—2+2—y—1:|
xT X

y2 +2xy — x* cis the solution.

Example 4.17

Find the particular solution of the
differentialequation x* dy + y (x + y) dx=0
given that x=1, y =1

Solution

xdy+y(x+y)dx = 0
x’dy = —y (x+y) dx

dy —(xy+y°
dy_ —y )’)(1)

dx x?
Put y =vx andd—y=v+xﬂ in (1)
dx dx
dv — (xvx +1vx?)
vtx— = ——5——
dx x
= —(v+v2)
dv )
X— = =V —v—v
dx
= — (W +2v)

- 90 I 12" Std. Business Mathematics and Statistics

On separating the variables

dv _ —dx
v+ 2v X
dv _ —dx
v(v+2) X
+2)- -
1 (V ) v dv = —dx
2 v(v+2) X
[
2 v ov+2 X
%[log v—log (v+2)] = —log x+log ¢
1 v C
| — log =
2 Ogv+2 ng
We have 5
v o _°c
v+2 x?
Replace VZZ,WC get
X
y k

2
x(y+2) x
X

2
where ¢* =k

2
X
4 -k )
y+2x
When x=1,y=1
1
SL2) =2k = —
@ 1+2
1
ko= =
3

. The solution is 3x” y =2x+ y

Example 4.18

If the marginal cost of producing x shoes
is given by(3xy+ y*) dx+(x* +xy) dy=0.
and the total cost of producing a pair of shoes is
given by 312. Then find the total cost function.

Solution:
Given marginal cost function is

(x* +xy) dy+(Bxy+y*) dx=0

QB365 - Ouestio%g Bank Software
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dy _ =Gxy+y%) M

dx x2+xy
d d
Put y =vx and—y:v+x—v in (1)
X dx
dv = (Bx vx+v2x?)
V+x— =
dx X2+ x vx
—(3v+v2)
- 1+v
dv —3y—?
Now, X—= ——y
dx 1+v
B —3v—v: —v—v?
1+v
dv —4v—2v2
X—= —
dx 1+v
1+ —d
Y gy
4v +2v X

On Integration

1+ d
J—Vz dv = —[=
4y +2v x

Now, multiply 4 on both sides

J4+4v Jy - _4Jd_x
X

4y + 21/2

log (4v+2v2) —4 log x+log ¢

4y +2v° = %
X
x* (v+20?) = ¢
Replace v = b4
X
2
xtlaZi22 |- ¢
X oox
4 4xy+2y2
X =c
X2

c = 2x° (2xy+y2) (2)

Cost of producing a pair of shoes =12
(i.e) y=12 when x=2
c =8 [48+144]=1536
. The cost function is x* (2xy + yz) = 768

Example 4.19

The marginal revenue ‘)’ of output ‘q is

2 2
+
given by the equationd—y = u Find
dg 29y

the total Revenue function when output is 1

unit and Revenue is 35.

Solution: 5 5
Given that MR = d_y - 4Ty 3y (1)
dq 2qy
Put y=vq and d—y:v+qﬂin (1)
dq dq
Now (1) becomes 5 5 5
dq 29 vq
14302
- 2v
dv 14 3v2
q— = -V
dq 2v
143 -
- 2v
1+ v2
- 2v
2
v2 dv = dq
1+v q
On Integration
2
R
1+v q
log (1+v2) = logg+logc
1+ v2 = cq
Replace v = b4
q

Differential Equations I 91 -
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2
1+)/_2 = q

q
q2+y2 = cq3 (2)

Given output is 1 unit and revenue is 35
2= 1+25=¢c = ¢c=26
~. The total revenue fonction is

6]2+)/2=266]3

* Exercise 4.3

Solve the following homogeneous
differential equations.

1. xd—y=x+y
dx p
2. (x—y)—y=x+3y
dx
3. xd—y—yz x2+y2
dx
A dy 3x-2y
 dx  2x-3y

5. (y* —2xy)dx=(x" —2xy)dy

6. The slope of the tangent to a curve at any
point (x, y) on it is given by
(y® —2yx”)dx +Q2xy* —x°) dy=0
and the curve passes through (1, 2).
Find the equation of the curve.

7. An electric manufacturing company makes
small household switches. The company
estimates the marginal revenue function for
these switches to be (x”+ y*)dy = xydx
where x represents the number of units (in
thousands). What is the total revenue

function?

4.2.4 Linear differential equations of first
order:

A differential equation is said to be linear
when the dependent variable and its derivatives
occur only in the first degree and no product of
these occur.

- 92 I 12" Std. Business Mathematics and Statistics

The most geneéal form of alinear equation
of the first order is dy +Py=Q (1)

X
P and Q are functions of x alone.
Equation (1) is linear in y. The solution is
d d d
given byyejp * = J‘erp “dx +c. Here ejp y
is known as an integrating factor and is denoted
by LE

Note i

For the differential equation

—+ Px=Q (linear in x) where P and
Qare functions of yalone, the solution

is xejpdy = J’Qe'[pdydy +c

Example 4.20

d
Solve @ + Zz x°
X X

Solution:

1
Given —y+—y=x3
dx «x

It is of the form —y+ Py =Q
dx

3
> =X

1
x
dex = J.idx: log x

dx
IL.F = e'fp =el8% = x

The required solution is

y(LF) = [Q(LF)dx+c
yX = jx3.xdx+c

= jx4dx+c

5
X

= —+c
5

S

. VX -
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4

-
~~

0o
] yOU

A4 KNOW?

A linear differential equation is
always of first degree but every
differfential equation of the first
degree need not be linear

d’y _3dy
dx*  dx

is not linear.

+2y°=0

Example 4.21

d
Solve cos®x 2+ y =tanx
dx

Solution:

The given equation can be written as

d_y N 1 _ tanx
dx cos’x” cos’x
d
@ + ysec2 X = tanxsec’x
dx
. dy
Itis of the form —~+ Py =Q
x

Here P=sec’x,Q = tanxsec’ x
Ide = jsecz x dx =tanx

dx
LF = ejp =e""*

The required solution is

y(LF) = [Q(LF)dx+c

ettt = jtanxseczxetanx dx+c
Put tanx = t
Then sec” xdx = dt

coyett = Jtet dt +c

jtd(et) +c

te' —e' +¢

tanx tanx

= tanxe e +c
ye"* = " (tanx—1)+c
Example 4.22
2 dy 2
Solve (x + 1) — +2xy=4x
dx
Solution:

The given equation can be reduced to

dy 2x 4x°
I A
dx x“+1 x“+1
. dy
Itis of the form —— + Py = Q
dx
2 4x°
Here pP= Zx ,Q= 2x
x“+1 x"+1
2
Jde =j > X dx = log(x2 +1)
x“+1
LF = ejpdx = elog(xzﬂ) =x>+1
The required solution is
y(IF) :jQ(I.F)dx+ ¢
4x* 2
(x* +1) = x“+1)dx+c
Y sz +1( )
4y
y(x2 +1) = % +c
Example 4.23

d
Solve d_y —3ycotx=sin2x given that
x

y =2 when x=§

Solution:
dy

Given ——(3cotx).y =sin2x
-~ (3cotx).y

It is of the form dy +Py=Q

dx

Here P=-3cotx, Q=sin2x

Differential Equatz'oml 93 -
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Jde = I—3 cot xdx = —-3logsinx

' =—logsin’x=log

1

. 3

sin- .

1

log
sin3 X 1

sin3

X

The required solution is

y (L.F)= jQ(I.F)dx +c

= J.sin2x

— :IZSinxcos
sin” x

_ 211
sinx sinx

= ZIcos
1

sin’ x

= —=2¢0S

5 dx+c

sin” x

x X dx +c¢

sin® x
COS X
X

dx+c

ecxcotxdx+c

ecx+c (1)

T
Now y = 2when xzz

® (1) = 2(%) = =2Xl4+c=>c=4

1
()= y——= —2cos
sin” x

Example 4.24

A firm has found that the cost C of

producing x tons of certain product by the

3

ecx+4

equation xd—z——Cand C =2 whenx=1.

X X

Find the relationship between C and x.

Solution:

dC
x_
dx

d_C

dx

dC C
_+_
dx x

dc 1. _

ie., —
dx «x

Z-c
X
3
@ x
3
x2
3
x2

It is of the form d—C +PC= Q
dx

1 3
Here, P=—,Q=—2
X X

Jde = J‘idx = logx

IF = ol 2 e

=e =X

The Solution is

C(LF) = [Q(LF)dx+k where k is

constant

Cx :I%xdx+k

1
:ﬂ—ﬂ+k
X
Cx =3logx+k (1)
Given C =2 When x=1

(1) = 2xl1=k=k=2

.". The relationship between C and x is

Cx = 3logx+2
% Exercise 4.4
Solve the following:
d
1. _)’_sz
dx x
dy ,
2. —+y cosx=sinxcosx
dx
d
3. x—y+2y:x4
dx
A d_y+ 3x°  1+x°
dx 1+x3y 1+x°
d
5. —y+1=xe"
dx x
d
6. —y+ytanx:cos3x
dx
dy . .
7. If d—+2ytanx=smx and if
x

y=0 when x= % express yin terms of x

- 94 I 12" Std. Business Mathematics and Statistics
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d Replace D by m. This equation is called
e x xe auxiliary equation qb(m) =0is a quadratic

equation. So we have two roots, say m, and m,.

9. A bank pays interest by continuous Now we have the following three cases.

compounding, that is by treating the interest
i Nature of roots Sy Gy
rate as the instantaneous rate of change of function

principal. A man invests ¥1,00,000 in the

Real and different
bank deposit which accures interest, 8% per (m, #m,) Ae™" + Be™"
year compounded continuously. How much Real and equal
will he get after 10 years. 2 m = m, = m(say) (Ax+ B)e™
4.3 Second Order first degree differential Complex roots ox _
equations with constant coefficients: (a £iB) ¢ (Acosfx+ Bsinfix)

Here A and B are arbitrary constants
4.3.1 A general second order linear differential

equation with constant coefficients is of Example 4.25
the form
Solve (D*—3D—4)y=0
d’y ., dy Solution:
aF+bE+Cy=f(x) olution:
x
- Given (D*-3D - 4)y =0
d d
® aD’y+bDy+cy= f(x), where I D:E =D’ The auxiliary equations is @
2 —_—
¢(D)y=f(x) (1) m —3m—4 = 0
= (m—4)(m+1) =0
where ¢(D)=aD’+bD+c (a,bandc m = —l4

are constants)
Roots are real and different

To solve the equation (1), we first solve the
equation (b(D) y = 0. The solution so obtained
is called complementary function (C.F).

.. The complementary function is
Ae™ + Be**

The general solution is y = Ae™* + Be**

1
Next we operate on f (x) with W , the

Example 4.26
solution so obtained is called particular integral P

D) Solve 9y” —12y"+4y=0

PI = ;)f(x) Solution:

D
g Given (9D” —12D+4)y = 0
General solutionis y =C.F+P.I 5
The auxiliary equation is (3m - 2) =0

Typel:f(x)=0
(i.e)gb (D)y =0
To solve this, put ¢ (D) =0

(3m—2)(3m-2)=0 =>m=§,

[SSH

Roots are real and equal.

Differential Equatz'oml 95 -
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2, m = 1,2
The C.EF. is (Ax+ B)e3

2
-x

_ t 2t
The general solution is y = (Ax + B)e ’ CF = Ae +Be

Example 4.27 The general solution is x = Ae’ + Be*' (1)
Solve 612_)2’_461_1_,_5),:0 Now when t =0, x=0 (given)
x ()= 0= A+B 2)
Solution: 2
d . . . o
Given d_)z’ _ 4d_)’ +5y=0 Differentiating (1) V;.r.t t
X X
X Ae'+2Be*
D’ —4D+5)y =0 dt
( —abH )y - dx
When t =0, — =1
The auxiliary equation is dt
5 A+2B = 1 (3)
m —4m+5 = 0

Thus wehave A+ B=0 and A+2B=1
Solving, weget A=-1,B = 1

=(m-2) —4+5 = 0
(m—2)2 _ So() =>x = —elte
(ie) x = e¥-e!
—2 = +/11
" TypeIL: f(x)Zeax(i.e)¢(D)y=eax
® m =241, itis if the form a i3 1 ®

PI = e

s CF= ¥ [Acosx+ Bsinx] ¢(D)

The general solution is Replace D by a, provided ¢ (D) #0 whenD=a

y=e™* [Acosx +Bsinx] If (b(D):O when D = a,then
1
P,I — ax
Example 4.28 ¥ ¢’(D) ‘
d’x 3d : ,
Solve —f——x+ 2x=0 given that when Replace D by a, provided ¢ (D) #0
dt dtd whenD =a
X

t=0,x=0 d —=1

x o dt If ¢ (D) =0 when D = a, then
Solution: PI = x* "1D e™ and so on

d*x _dx ¢ ( )

£ 3% 10x =0

dt dt Example 4.29

d —3x
Given (D* =3D+2)x = 0 where D= d_ Solve : (D2 _4D_1))’ =e”
Solution:
AE is m*=3m+2 =0 ) 3y
(D*-4D-1)y=e
(m-1)(m-2) =0

The auxiliary equation is

- 96 I 12" Std. Business Mathematics and Statistics
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2
m —4m—-1= 0 Now, PI, = Z;ezx
2 D°-2D+1
(m—2)"-4-1= o0 1
_ —e2x
(m—2)2: 5 4—-4+1
(replace D by 2)
m—2 = i\/g -
1
m= 2++5 and P.I, = 5 e
D -2D+1
CF = Ae(2+ﬁ)x +Be(2_£)x 1 X
= e
2
1 D-1
I o
¢(D) Replace D by 1. (D—l) =0 whenD =1
1
e S PI, = x—F——=¢
D*—4D-1 2(D-1)
= 1 o3 Replace D by 1. (D - 1) =0 whenD =1
(-3 -4(=3)-1 )1
(replace D by -3) . PI, = x 56
_ ! P The general solution is
9+12-1
o3 y = CF+PI+PI
T 20 :
o y = (Ax+B)e"+ezx+x—ex ®
Hence the general solution is 2
y = CERI Example 4.31
-7
-3x 37
= ye Al gl 620 Solve: (3D?+D—14)y =4 —13¢

Example 4.30
Solve: (D2 -2D+ l)y =e* +e*

Solution: _

(3D* +D-14)y=4 _13¢

The auxiliary equation is

Solution:
(D2—2D+1)y=ezx+ex 3 4m—14 — 0
The auxiliary equation is
Bm+7)(m-2) =0
m* =2m+1 = 0
-7
= (m—l)(m—l) =0 m = ?,2
-7
m= 11 CF = Ae? +Be™
CF = (Ax+B)ex -7
1 1 = Pl = )= 41
SR ST N W o) 50
¢(D) D*-2D+1

Differential Equatz'oml 97 -
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1 1 -
_ ————(4)+———| 13
3D*+D—14 3D*+D—14

Il
=

+
=

0+0—-14
(replace D by 0)

pr - -2

14 7

1 3

3

Pl =——— x(-13)e
> 3D*+D-14 (-13)

replace D by —
3

7
Here 3D*+D—-14=0 ,whenD:_g

1 —X
. PI,  =x. ~13¢”’
6D +1
repl Db _~
place y 3
1 =
. PI, =xf “13e’
6()+1
3
T
=x—1| —13e ’
;’7
3x
= xe

The general solutionis y = C.F.+P.I, +P.I,
-7 , T
y =Ae’ +Be2x—;+xe3
Example 4.32
Suppose that the quantity demanded

Q;=29-2p-5 % +ZT§) and  quantity

- 98 I 12" Std. Business Mathematics and Statistics

supplied Q, =5+ 4p where p is the price. Find
the equilibrium price for market clearance.
Solution:

For market clearance, the required
condition is Q,; = Q,

dp d’p
= 29-2p-5-L4- L  _ 544
P P
2
= 24—6p—5d—p+d—12) =0
dt  dt
d’p _dp
= — —-5---6 = 24
dt? dt P
(D*-5D—-6)p - 24

The auxiliary equation is

m*—5m—6= 0
(m—-6)(m+1)= 0

= m= 6,-1

CF= Ae® +Be™

PI= —— f(x)
¢(D)
1
e
D*-5D-6
—24
= _6 (Replace D by 0)
= 4
The general solutionis p = C.F+P.I

— Ae® +Be '+ 4

* Exercise 4.5

Solve the following differential equations

d’y _dy
1) =2 -6=2+8y=0
W) dx* dx J
d’y  dy
2) 242 44y=0
2) dx* dx )
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Choose the Correct answer
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(D*+2D+3)y=0

2
d—y—zkd—y+ kKy=0
dx* dx

(D2 —2D - 15)y= 0 given that

2

d_y:() and d—)2/=2 when x=0
dx dx

(4D +4D-3)y=¢>

d’y
dx®

+16y=0

(D* 3D +2) y=e** which shall vanish

for x = 0 and for x = log 2
(D2+D—6)y:e3x+e_3x

(D*—10D+25)y =46 +5
-3

(4D*+16D+15)y=4¢ 2"
(307 + D-14) y =13¢>

Suppose that the quantity demanded

dp  d’p .

=13 -6p +2— + — and quantit
< P ar 1 !
supplied Q, =-3+2p where p is the
price. Find the equilibrium price for

market clearance.

% Exercise 4.6

The degree of the

differential equation

4 2 \* _. oLy
dy (dy) +Y_3| qirDaP

det \de? ) dx

(a) 1 (b)2 (03 (d)4

The order and degree of the differential

. dZ d .
equation _)2/ _ |2 45 are respectively o
N dx*  Vdx :

(a)2and 3 (b) 3and 2

(c)2and 1 (d)2and 2

The order and degree of the differential

3
2. )2
equation (d—);J - (d_y) —4=0 are
dx dx

respectively.

(a) 2and 6
(c)land 4

(b)3and 6

(d)2and 4
1

3
d 1
The differential equation (d_xj +2yr=x
Y

is

(a) of order 2 and degree 1
(b) of order 1 and degree 3
(c) oforder 1 and degree 6
(d) oforder 1 and degree 2

The differential equation formed by
eliminating a and b from y =ae” +be " is

2 2
(a) 4y __9 (b) dy 4 _,

y_y dx? dx
42 42
© d—xfzo d) d—xf—xzo

If y=cx+c—c’ then its differential
equation is

_ b dy (Y
@ y_xdx+dx (dx)

dy) _ dy dy
b) y+| L] =x2 2
() y (dx) xdx dx

dy dy\ __dy
© dx 4 (dx) dx

d’y
(d) —5=0

dx’
The integrating factor of the differential
equation Z—x +Px=Q is

(b) [ pax
(©) [ Pdy @e™

The  complementary  function  of

(D2 +4)y: e** s
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(a) (Ax+B)e™

(b) (Ax+B)e™*

(c) Acos2x+ Bsin2x
(d) Ae™>* + Be™*

The differential equation of y =mx +c is
(m and c are arbitrary constants)

(b) y:xd—y+c
dx

(c) xdy+ydx=0  (d) ydx—xdy=0

The particular integral of the differential
2

d
equation is —)2/ —s 16y = 2™

dx X
2 4x 4x
X e e
(a) 1 (b) o
(c) x2e** (d) xe**

Solution of d_x +Px=0
dy

(a) x =ce?” (b) x=ce?”

(ax=py+c (d) x=cy

If sec’x is an integrating factor of the

d
differential equation d_y +Py=Q then P=
x

(b) secx

(d) tan* x

(a) 2tanx

(c) cos® x

d
The integrating factor of Proam y=x"is

-1 T
(a) — (b)—

X X
(c) logx d) x

The solution of the differential equation

d—y+Py=Qwhere P and Q are the

dx

function of x is
(@) y= Jerpdxdx +c
(b) y= JQe_Ipdxdx +c

15.

16.

17.

19.

20.

. The  complementary

(c) yeI P J.er dedx +c

J. Pdx

(d) ye!' = J.Qe_J M x+C

The differential equation formed by
eliminating A and B from
y=e*(Acosx+ Bsinx)is

(@ y,—4y,+5=0

(b) y,+4y-5=0

(©) y, 4y, -5=0

(d) y,+4y,+5=0

The particular integral of the differential

equation f (D) y=e" where
f(D)=(D~a)
2
(a) %e“x (b) xe™
(C) geax (d) xZeax

The differential equation of x* + y2 =a’
(b) ydx-xdy=0
(d) xdx+ydy=0

(a) xdy+ydx=0
(¢) xdx—ydx=0

function of

2
d_y _d_y =0 is
dx* dx
(a) A+ Be* (b) (A+B)e*

(c) (Ax+B)e* (d) Ae*+B

The P1of (3D* + D —14)y=13¢*" is

(a) X g (b) xe**

2

x2
(c) —e** (d) 13xe™

2
The genefial solution of the differential
equation Y CcosXx is

dx

() y=sinx+1 (b)y=sinx-2
(c) y =cosx +c, cis an arbitrary constant

(d) y =sinx+c, cisan arbitrary constant

QB365 - Ouestio%g Bank Software
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A homogeneous differential equation of

the form d—ny(Z) can be solved by
dx x

making substitution,
b)v=yx
(d)x=v

(@) y=vx
(Qx=vy

A homogeneous differential equation of

d
the form == f X lcan be solved by
dy " \y

making substitution,
b)y=vx
(d)x=v

(a) x=vy
(Qy=v

The variable separable form of

d_y:—y(x—y) by taking
dx  x(x+y)
y:vxandd—y:v+xﬂis
dx dx
2
(a) Ldvzd—x
1+v X

2 2
(b)L dV:_@
1+v X

2 v? d
dv:—x
1—v X

1+vdv:_@

2v? X

(c)

(d)

Which of the following is the homogeneous
differential equation?

(@) (3x—5)dx= (4y-1)dy
(b)xy dx —(x*+y°) dy = 0

(© y* dx+ (x* —xy—y* ) dy =0
(d) (x2+y) dx =(y2+x) dy

25. The solution of the differential equation

10.

. Suppose that Q;=30-5P+2—+—

dy_l

i
(a) f(§)=kxa»xf(f)=k

@)f(f)=ky (d) yf(§)=k

Miscellaneous Problems

is

dP  d’P
¢ 2
and Q, =6+3P. Find the equilibrium

price for market clearance.

Form the differential equation having for its
general solution y = ax” + bx

Solveyx’dx +e “dy =0
Solve [xz + yz)dx +2xydy =0

Solvexd_y+2y:x4

dx
A manufacturing company has found that the
cost C of operating and maintaining the
equipment is related to the length ‘m’ of
intervals between overhauls by the equation

mzd—c+2mC=2 and ¢ = 4 and when
dm

m = 2. Find the relationship between C and m.

Solve (D2—3D+2))’:e4x given y = 0
whenx=0and x = 1.

Solve d—y+ycosx+x:2605x
dx

Solve ¥ ydx —(x3 + )’3)d)’ =0
dy

Solve d—zxy+x+y+1

Differential Equations I 101 -
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* A differential equation is an equation with a function and one or more of its derivatives.
2

dy d’y

(i.e) an equation with the function y=f ( x) and its derivatives d_ s F ... is called differential
X dx

equation.

®  Order of the highest order derivative present in the differential equation is the order of the
differential equation.

® Degree is the highest power of the highest order derivative in the differential equation, after the
equation has been cleared from fractions and the radicals as for as the derivatives are concerned.

* A function which satisfies the given differential equation is called its solution. The solution
which contains as many arbitrary constants as the order of the differential equation is called a
general solution and the solution free from arbitrary constants is called particular solution.

* To form a differential equation from a given function we differentiate the function successively
as many times as the number of arbitrary constants in the given function and then eliminate
the arbitrary constants.

* In an equation it is possible to collect all the terns of x and dx on one side and all the terms
of y and dy on the other side, then the variables are said to be separable. Thus the general form
of such an equationis f(x)dx = g(y)dy (or) f(x)dx+ g(y)dy =0 By direct integration,
we get the solution.

d d
* A differential equation which can be expressed in the form d_y — i (x, y) or d—x =g (x, y)
x

where f ( X, )’) and g (x, y) are homogeneous function of degree zero is called a homogeneous

differential equation.

* A differential equation of the form d_y +Py=Q where P and Q are constants or functions of

X only is called a first order linear differential equation.

® A general second order linear differential equation with constant coefficients is of the form
2

LR
adx2 +bdx+cy—f(x)

GLOSSARY (&eme0&aammaeir)

Abscissa HemL EHS OHTEME6Y
Arbitrary constant LMD &S5 LoMmIed)

Auxiliary equation &6M6001F FLOGOTLIM(H
Complementary function By smyy

Constant Lommiled)

Degree Lig.

Differential equation EUENEHSHE1EH(IQF FLOGOTLIMT(HSEIT
Fixed constant Blemeowwiment Lommsled]
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General solution
Homogeneous equations
Linear differential equations
Order

Ordinary differential equation
Ordinate

Partial differential equation
Particular integra

Second order linear differential equations
Variable separable

Variable

eungls Siey

FLOLIG SHSHITEOT FLOGOTLIM(bSH6IT

Gl euem&EES(108 FLOEOTLIM(H

alflens

SMSMT600T 6UEMEHSHEH(LRF FLOEOTLIT(H&HEIT

SSSMWILD

UGH 6UDSHHES(QF FLOGOTLIM(HSHET

Amiys ey

@nevormb erflems Gl 616mSH5618(106 FLOOTLIM(HE6IT
onM&e LNfléb&d &n.lq Lo

Lomml
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Expected Result is shown
in this picture

Open the Browser, type the URL Link
given below (or) Scan the QR Code.
GeoGebra work Book named
and

Standard Business Mathematics

there are two Volumes. Select “Volume-1”,

‘|

Select the worksheet named“ Differential

Equation”

There is a video explanation and a graph
in a single worksheet. Observe and learn

the concepts.

Browse in the link

12t standard Business Mathematics :

Equation : 2 + y*> =4

Dif ferential Equation :
dy
— =0
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Statistics ” will open. In the work book |
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Gamma Integral

CS, PS and Area Differential Numerical
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Compare graph of DE with Solution.

‘| Equation:a?+y*=25

Dif ferential Equation :

dy
b )
z+yg,

https://ggbm.at/uzkcrnwr (or) Scan the QR Code.

B284_12_BUS_MAT_EM

Differential Equations I 103 -

‘ ‘ XII Std - Business Maths & Stat EM Chapter 4.indd 103

QB365 - Ouestio@g Bank Software

2/28/2020 6:03:49 PM ‘ ‘



‘ ‘ XII Std - Business Maths & Stat EM Chapter 5.indd 104

Introduction

umerical Analysis is a branch of Mathematics

which leads to approximate solution by repeated
applications of four basic operations of Algebra. The

LGB B e knowledge of finite differences is essential for the study of

Joseph-Louis Lagrange was an Italian mathematician and astronomer. he made

significant contributions to the fields of analysis, number theory, and both classical and

celestial mechanics.

Learning Objectives

After studying this chapter, students will be
able to understand

® the finite differences

® how to find the
polynomial using finite
differences

® how to find the relations e
between the operators SZWKERN

® how to find the missing
terms

® how to interpolate the values of a
given series using Newton’s interpolation
formulae

® how to apply the Lagrange’s
interpolation formula

5.1 Finite Differences
Consider the arguments X, X, X,, ", X,

and the entries y,, ¥, ¥, ¥, ¥= f(x) be

a function of x. Let us assume that the values

- 104 I 12" Std. Business Mathematics and Statistics
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of x are in increasing order and equally spaced
with a space length h. Then the values of x may
be taken to be x,,x, +h,x, +2h,---,x, +nh
and the function assumes the values

F(xo)s fxg +h), f(xg +2h), -+, f(x,+nh).
Here we study some of the finite differences of
the function y = f (x) .

5.1.1 Forward Difference Operator, Backward
Difference Operator and Shifting
Operator

Forward Difference Operator (A ):

Let y = f(x) be a given function of x. Let

Yo V15Vt s y,be  the values of y at

X =XpX5X,,...,X,  respectively.  Then

N Vo Vo=V Vs= Voo oo Vy = Vpy  AI€

called the first (forward) differences of the

function y. They are denoted by

Ay, Ay, Ay,,..., Ay, | respectively.

2/28/2020 6:08:11 PM ‘ ‘
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(i.e) Ayo=y =Yoo Ay =y, — Ay, =
V3= Vo DY 1 = V= Vo
In general, Ay, =y,.,—y,,n=0,12,3,..

The symbolAis called the forward
difference operator and pronounced as delta.

The forward difference operator A can
also be defined as Af (x) = f(x + h) - f(x),

h is the equal interval of spacing.

Proof of these properties are not included in
our syllabus:

Properties of the operator A :
Property 1: If ¢ isa constant then Ac=0
Proof: Let f(x)=c

o f (x+h)= ¢ (where ‘K’ is the interval of
difference)

Af(x)=f(x+h)—f(x)
Ac=c—c=0

Property 2: A is distributive i.e.
A(f(x) + g(x)) = Af(x)+ Ag(x)

Proof: A[ f(x) +g(x)]
= fx+h) +glx+h)]
~[f0)+gx)]
= f(x+h)+g(x+h)— f(x)-g(x)
=f(x+h)— f(x)+g(x+h)—g(x)
=Af (x) + Ag(x)

Similarly ~we  can  show  that
A[f(x)-g(x)]=Af(0)-Ag(x)

In general, A[fl(x)-l-f2 (%) + f, (x)]
=Afi(xX)+Af,(x)+..+Af, (x)

Property3: If ¢ is a constant then

Acf(x)=cAf(x)

Proof: Alc f(x)]= cf(x+h)—cf(x)
= c[f(x+h) = f(x)]
= cAf(x)

Results without proof

1. If m and n are positive integers then

A" A" f(x)=A"" f(x)
2. Al f(x) g(x) |= f(x)Ag(x) + g(x) Af (x)

3 A{ f<x>] _ gAF()— F(0) Ag(x)
' g(x) g(x). g(x+h).

The differences of the first differences
denoted by AzyO,Azyl,...,Azyn are called

second differences, where

Ay, = AAY,) =AY —2,)
= Ay, —Ay

n

Ay,

Ay . —Ay ,n=01.2,..
Az)’o = Ay —Ay,
A’y = Ay,—Ay,

Similarly the differences of second
differences are called third differences.

A3yn = Azym - Azyn, n=0,12,...
In particular,
ANy, =A%y, =A%y,
3
Ay, = A%y, - A%y,
In general kth differences of yn is

Akyn: Ak—ly I_Ak—lyn,n:(),l’z’.“

Note i

AFf(x)= A" f(x+h)— A f(x)

Numerical Methods I 105 -
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It is convenient to represent the above differences in a table as shown below.

Forward Difference Table for y :

X
g J,

Ay,
x y, Ay,
Ayl ASS A3y0
X y, Ay, Ay,
Ay, Ay, Ay,
X 5, Ay, A'y,
Ay, As)’ 2
X s, Ay,
Ay,
x y

5 5

The forward difference table for f(x) is given below.

® ®
P

A f(x)
x+h f(x+h) A? f(x)
A f(x+h) A’ f(x)
x+2h f(x+2h) A* f(x+h) A* f(x)
A f(x+2h) A® f(x+h)
x+3h f(x+3h) A? f(x +2h)
A f(x+3h)
x+4h f(x+4h)
Backward Difference operator (V) : Vo= Vur =V,
Let y = f{x) be a given function of x. Let are called the first(backward) differences.
Yo» Yi»--s Y, be the values of yat
o The operator V is called backward
X=Xy, X;>X,5..., X, respectively. Then difference operator and pronounced as nepla.
Y=Y =V, Second (backward) differences:

V’y =Vy —Vy ., n=123,..
V=0 =V,

- 106 I 12" Std. Business Mathematics and Statistics
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Vf(x+h)

Viy =V?y —V?y  n=123,..

In general, k" (backward) differences:

VEy =VFy VY n=123,.

Backward difference table:

Xo Yo

Vi,
XN

Vy,
X, Y

Vy,
X5 )

Vy,
Xy V4

Backward differences can also be defined

as follows.

Vi(x)= f(x) = f(x=h)

First differences:

Vf(x+h) = f(x+h) — f(x)
Vf(x+2h) = f(x+2h) — f(x+h),

h is the interval of spacing.

Second differences:

Vf(x+h) = V(Vf(x+h)=V(fx+h)-f(x))
= Vf(x+h) - Vf(x)
V2 f(x+2h) = Vf(x+2h) - Vf(x+h)

Third differences:

V2 f(x+h) =V f(x+h)— V> f(x)
V2 f(x+2h) = V2 f(x+2h) = V2 f(x +h)

Here we note that,

‘ ‘ XII Std - Business Maths & Stat EM Chapter 5.indd 107

Vf(x+2h)

V2 f(x+2h)

f(x+h)— f(x) = Af(x)

f(x+2h)— f(x+h)
Af(x+h)
Vf(x+2h)-Vf(x+h)
Af(x+h)—Af(x)

A’ f(x)

In general, V" f (x + nh)=A" f (x)

Let y = f(x) bea given function of x and
Xg> Xy +h, x5 +2h,x, +3h,...,x, +nh be the
consecutive values of x. Then the operator E is

Shifting operator (E):
Viy,
V3)’ 3
v2y, Viy, defined as
vy, E [ f(xp)] = f(x,+h)
vy,

E is called the shifting operator . It is also

called the displacement operator.

E[ f(x,+h)] = f(x,+2h),

E[f(x, +2h)] = f(x,+3h),...,
E[f(x, + (n—1)h)] =

f(x, +nh)

E [f(x)]=f(x+h), histhe

(equal) interval of spacing

E? f(x)means

that the operator E is

applied twice on f(x)

= E[f(x+

In general ,

B f(x) =
E™f(x) = f(x —nh)

(i) E’ f(x)=E[E f(x)]

h) = f(x +2h)

f(x+nh) and

Properties of the operator E:

L E[ fi(x)+ fyx)+
Ef, (%)t e+ B[ £,(2)]

..... + £,(0) | =Ef, (x}+

2. E[cf(x)] = cE[f(x)] c is a constant

QB365 - Ouestio@g Bank Software
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3. E"[E'f(0) |[=B" (B f(x)) = B™" f (x)

4. If ‘W is a positive

E'[E7 (f(0)]=f(x).

Let y = f(x) be given function of x.

integer, then

Let ¥y, ,5¥,>"*> ¥, be the values of y at
X = X45%X,%,,...X,. Then E can also be
defined as

Eyo=y» Eyi=yp By, =,
E[E)’o ] = E(yl) =y, and
In general E"y, =y,
Relations between the operators A, V and E:
1. A=E-1
Proof: From the definition of A we know that
@ Af(x) = f(x+h) — f(x)
and E[f(x)]= f(x+h)
where h is the interval of difference.
Af(x) = f(x+h) - f(x)
Af (x) = Ef (x) — f(x)
= Af(x) = (E-1)f(x)

A = E-1
E=1+A
2. EA=AE
Proof:
E(Af(x)) =E[f(x+m)-f(x)]

=E f(x+h)—E f(x)
= f(x+2h) — f(x+h)
= Af(x+h)

= AEf(x)

- 108 I 12" Std. Business Mathematics and Statistics
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.. EA=AE

Proof:

Vi(x) = f(x)=f(x—h)
= f(x) - E7 f(x)
=(1-E") f(x)
=V =1-E"'

ie,V =1-—

Hence, V =
no__ AP

R4 KNOW?,

(i) (1+A) (1-V)=1
(i) AV=A-V
(i) V= E~IA

Example 5.1
Construct a forward difference table for ®
the following data

0 10 20 30
0 0.174 0.347 0.518

Solution:

The Forward difference table is given

below:
0 0
0.174
10 0.174 -0.001
0.173 -0.001
20 0.347 -0.002
0.171
30 0.518
Example 5.2

Construct a forward difference table for
y=fx) = x° +2x+1 for x =1,2,3,4,5.
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Solution:
y=flx) = x° +2x+1 for x=1,2,3,4,5

9

2 13 12
21 6

3 34 18 0
39 6

4 73 24
63

5 136

Example 5.3

By constructing a difference table and
using the second order differences as constant,
find the sixth term of the series 8,12,19,29,42...

Solution:

Let k be the sixth term of the series in the

® difference table.

First we find the forward differences.

1 8

4

2 12 3
7

3 19 3
10

4 29 3
13

5 42 k-55

k-42

6 k

Given that the second differences are

constant
k-55 =3

k =58

.. the sixth term of the series is 58

1 4

Example 5.4
Find (i) Ae™ (ii) A%e” (iii) Alog x
Solution:

(1) Ae®* = ea(x+h) —e™

— eax.eah_ eax [...am+n=am.an]

— o™ |:eah_ 1]

(i) A2 =A.[Ae"]

— A[e ]
s -]
- s
(o)
=(e"-1).(e"-1).e*
e
(i) Alogx = log(x+h)—logx ®

x+h
X

(3
=log| —+—
X X
=log(l+ﬁ)
x

5x+12
Evaluate A -
x"+5x+6

= log

Example 5.5

:| by taking ‘1’

as the interval of differencing.
Solution:

S5x+12
A 2

x“+5x+6
By Partial fraction method
5x+12 A N B
x> 4+5x+6 x+3 x+2
5x+12
-2y
x+2

-15+12 -3
:—:—:3

-1 -1

Numerical Methods I 109 -
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5x 412 Example 5.7
T 13 [x= ] Provethat f(4) = f(3) + Af(2) + A f(1) +A° £(1)
5x+12 l: :| taking ‘1" as the interval of differencing.
2 ol s
XT+5x+6 x+3 x+2 Solution:
A 3412 ] _ A[ M ] We know that f(4)— f(3) = A f(3)
+ +2
3 3 2 2
— — + — = Al f2Q) + Af(2 | fB) - f2)=AfQ2
| x+1+3 x+3:| {x+1+2 x+2} arar@ ] e -se=a/@)]
_ 2
|: 1 1 ] [ ) 1 ] =Af(2) + A°f(2)
=3 - +2 -
x+4 x+3 x+3 x+2 :Af(2)+A2[f(1)+Af(1)]
-3 2
= - S f(4) = f3) +Af(2Q) + A Q) +A° F().
(x+4)(x+3) (x+3)(x+2)
) _5y—14 Example 5.8
(x+2)(x+3)(x+4) Given U,=1,U,,=11,U,=21,U,=28
— - 4
Example 5.6 and U, =29 find AU,
1 Solution :
Evaluate A’ (—) by taking ‘1’ as the orton
X
1
@ interval of differencing. ] 1 ®
Solution: 1 2 1
AlL) —a A(l)
X X 1 3 3 1
_ . . 1 4 6 4 1
Now A|— =—1——
X x+1 «x 4
- AU, =(E-1)'U,
(L) - (L_l) =(E4—4E3+6E2—4E+1) U,
X I+x x 4 3 5
= E*U, —4E’U, +6E*U, — 4EU, + U,
= A L A !
= Al Al = U, —4U, +6U, — 4U, +U,
) = 29-4(28) +6(21) —4(11) +1.
Similarly A*| = | =
’ (x) x(x+1)(x+2) =156-156 =0
L Example 5.9
: “‘“ ~ = Given  y,=2,y,=-6,y.,=8,y,=9
R4 KNOW? and y, =17 Calculate Ay,
A2 = (_1) n! Solution :
X x(x+1)(x+2) ...... (x+n) Given y,=2,y,=-6,y,=8,y,=9

and y, =17
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Aly,= (E-1)y,
= (B'-4E’+6E> —4E+1)y,
= E'y,—4E’y, +6E’y, —4Ey, + y,
= Y7 m4Ys TOys—4y,t Y,
= 17— 4(9) + 6(8) —~4(-6)+2
= 17-36 +48 +24+2 =55
5.1.2 Finding the missing terms
Using the difference operators and

shifting operator we can able to find the missing
terms.

Example 5.10
From the following table find the missing

value

2 3 4 5 6
JiEON 45.0 49.2 54.1 - 67.4

Solution:

Since only four values of f(x) are given,
the polynomial which fits the data is of degree
three. Hence fourth differences are zeros.

ie) A'y,=0, .. (E=1)"y,=0
(E' —4E’ +6E* —4E+1) y, =0

E'y,—4E’y,+6E’y, —4Ey,+y, =0

Vy—4y;16y,—4y ty, =0
67.4—4y, +6(54.1)-4(492)+45 =0
2402=4y, ..y, =60.05

Example 5.11

Estimate the production for 1964 and
1966 from the following data

1961 1962 1963 1964 1965 1966 1967

I iiei8200 220 260 - 350 - 430

Solution:
Since five values are given, the polynomial
which fits the data is of degree four.

Hence ASyk=O (ie) (E—l)syk =0
ie, (E°—=5E* +10E* —10E* +5E-1)y, =0
E’y,-5E'y, +10E’y, =10E*y, + 5Ey, -y, = 0(1)
Put k=0in (1)
E’y,—5E'y,+ 10E’y, —10E’y, + 5Ey, — y,= 0
Y5 =Y, 10y, =10y, +5y, =y, =0
5 —5(350)+ 10y, —10(260) + 5(220) — 200 = 0
ys+10y, = 3450 (2)
Put k=1 in (1)
E’y,—5E'y, +10E’y, =10E’y, =y, =0
Yo =25 +10y,—-10y; —y, =0
430 -5y, +10(350) - 10y, +5(260) - 220 =0
5y, +10y, =5010 (3)

(3)-(2) = 4y, =1560
ys =390
From (1) 390+10y, = 3450

10y, = 3450 - 390
y, = 306

‘ Exercise 5.1

1. Evaluate A(logax).

2. If y= x°— x>+ x—1 calculate the values
of y for x = 0,1,2,3,4,5 and form the forward
differences table.

3.$.f h = 1 then prove that
(E'A)x’=3x* —3x+1.

Numerical Methods I 111 -
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4. If  f(x)= x*+3x than show that
Af(x)=2x+4.
1
5. Evaluate A|-————— [ by taking ‘I’
|:(x+1)(x+2)] yE
as the interval of differencing
6. Find the missing entry in the following table
0 1 2 3 4
1 3 9 - 81

7. Following are the population of a district

Year (x)

Population (y)
Thousands

1881 1891 1901 1911 1921 1931

363 391 421 - 467 501

Find the population of the year 1911

8. Find the missing entries from the following.
0 1 2 3 4 5
0

- 8 15 - 35

fix)

5.2 Interpolation
Consider the profit of a manufacturing
company in various years as given below:

VCIIEIRN 1986 1987 1988 1990 1991 1992

Profit
(Rs. in lakhs)

29 24 30 32 31

The profit for the year 1989 is not
available .To estimate the profit for 1989 we
use the technique called interpolation. Let x
denote the year and y denote the profit. The
independent variable x is called the argument
and the dependent variable y is called the entry.
If y is to be estimated for the value of x between
two extreme points in a set of values, it is called
interpolation.

If y is to be estimated for the values
of x which lies outside the given set of the
values of it, is called extrapolation.

- 112 I 12" Std. Business Mathematics and Statistics
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5.2.1 Methods of interpolation

There are two methods for interpolation.
One is Graphical method and the other one is
algebraic method.

5.2.2 Graphical method

We are given the ‘n’ values of x and the
corresponding values of y for given function
y= f(x). we plot these n observed points
(xi, y,.),i =1,2,3.... and drawa free hand curve
passing through these plotted points. From the
graph so obtained, we can find out the value of
y for any intermediate value of x. There is one
drawback in the graphic method which states
that the value of y obtained is the estimated
value of y. The estimated value of y differs from
the actual value of y.

Example 5.12
Using graphic method, find the value of y
when x = 38 from the following data:

10 20 30 40 50 60
63 55 44 34 29 22

Solution:
Steps in Graphic method:

Take a suitable scale for the values of x
and y, and plot the various points on the graph
paper for given values of x and y.

Draw a suitable curve passing through the
plotted points.
AY

70

60 \\\
50 \
n .
N\
30
20 N
10

Fig. 5.1

Find the point corresponding to the
value x = 38 on the curve and then read the
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corresponding value of y on the y- axis, which
will be the required interpolated value.

From the graph in Fig. 5.1 we find that for
x = 38, the value of y is equal to 35.

5.2.3 Algebraic method

Newton’s Gregory forward interpolation
formula (or) Newton’s forward interpolation
formula (for equal intervals).

The first two terms will give the linear
interpolation and the first three terms will
give a parabolic interpolation and so on.

Let y=f (x) denote a polynomial of
degree n which takes (n+1) values. Let them
be ¥y, ¥;> ¥,5... ¥, corresponding to the values
XX 5 X, respectively.

The values of x (x,,x,%,,...x, ) are at
equidistant.

(ie) x, =x,+h, x, =x,+2h, x;=x,
+3h,...,x, =x, +nh

Then the value of f(x) at x = x +nh is given by

S ey k)= fx,) 4 AJ(O) ”m D
zvfu0+”m_2?_ZHVfu@+m
(or) y(x—x +nh) = Yo = Ay + n(nz| 1) Azyo

nn—-1)n-2)
" 3!

X=X,

3)/0 +... wheren =

Newton’s Gregory backward interpolation
Formula.

Newton’s forward interpolation formula is
used when the value of y is required near the
beginning of the table.

QB365 - Ouestio% Bank Software

In general Newton’s forward interpolation
formula not to be used when the value of y is
required near the end of the table. For this we
use another formula, called Newton’s Gregory
backward interpolation formula.

Then the value of f(x) at x = x +nh is
given by

f(x, +nh)= f(x, )+ Vf( L)+

n(n +1)

V2 f(x,)+...

n(n+1)
2!

sz(xn)+ n(n+1;'(n+2)

n
(1) Yxms, oty = Y ¥ VIt vy,

+1)(n+2 x—x
+ i’l(l’l )(71 )V3y +...whenn=—"

3! ! h

Newton’s backward interpolation formula is
used when the value of y is required near the
end of the table.

Example 5.13

Using Newton’s formula for interpolation
estimate the population for the year 1905 from
the table:

18901 1901 1911 1921 1931

98,752 1,32,285 1,68,076 1,95,670 2,46,050

Solution
To find the population for the year 1905
(i.e) the value of y at x = 1905.

Since the value of y is required near the
beginning of the table, we use the Newton’s
forward interpolation formula.

n nn—1)
y(x:x0+nh) =y0 +1_!Ay0 + 21 Az
N nn—1)(n—2) A3y0 N

3!
To find yatx=1905 .. x,+nh=1905,
x, =1891,h=10.
1891471(10)=1905 =>n=14

Numerical Methods I 113 -
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X, +nh=32,x,=3,h=1

1891 98,752 n =l

33,533 5
1901 1,32,285 2,258 The difference table is
1911 1,68,076 -8,177 41,358

27,614 30,293 3 16
1921 1,95,690 22,746 4

50,360 4 20 0
1931 2,46,050 4 10
Yooy =98,752+(1.4)(33533) R

6 38
N (1.4)(0.4) (2258)

N (1.4)(0.4) (—0.6) (~10435)

, 19(0.6)(-0.6)(-16)
24
= 98752 + 46946.2 + 632.24 + 584.36 + 1389.63
= 148304.43
= 1,48,304

(41358)

Example 5.14
Thevaluesof y= f (x)for x=0,L12,..,6
are given by

Estimate the value of y (3.2) using forward
interpolation formula by choosing the four
values that will give the best approximation.

Solution:
Since we apply the forward interpolation

1(_4)
1 .. 505
Y (x=32) =16+ - (4)+ = (0)

1 (_4) (_9)

MXIO
6

=16+0.84+0+0.48 =17.28

+

Example 5.15
From the following table find the number
of students who obtained marks less than 45.

Marks 30-40 40-50 50-60 60-70  70-80

No. of Students eI LY} 51 35 31

Solution:

Let x be the marks and y be the number of
students.

By converting the given series into
cumulative frequency distribution, the

difference table is as follows.

Less than 40 31

formula,last four values of f(x) are taken into 42
consideration (Take the values from x = 3). 50 73 9
The forward interpolation formula is 51 meD
60 124 -16 37
n nn-1) .,
Viemsyom) = Yo ¥ 7AYo Ay, + 35 12
( 1‘)( 2 70 159 -4
nn—1)(n—
Ay, +.. 31

3!

80 190

- 114 I 12" Std. Business Mathematics and Statistics
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n n(n—1)
y(x=x0+nh)=y0+iAy0+ 21 A2y0+

Let us calculate the number of students
whose weight is below 70. For this we use
forward difference formula.

nn—1)(n-2)
31 AS)/O +... B n A n(n—1) A2
: y(x=x0+nh)_y0+i y0+ 21 y0+
To find y at x = 45 .. x,+nh=45, n(n—1)(n-2)
x,=40,h=10 =n=— ' A’y + ..
2 3!

1(_1)

1

Yix=15) =31 + = x 42 + 212
2 2

+ ;(_21) (_23) x(-25)

(0)

Tofindyat x=70.. x,+nh=70,
X, = 40,h =20
40+n(20)=70 = n=15

" V(=n0) =250+1.5(120)+—(1'5)(0'5) (—20)
2!

6
1 (_1) ( _3) ( _5) . (1.5) (0.5) (-0.5) (-10)
$22 2R 2R 27 (37) ;
24 .\ (1.5) (0.5) (=0.5) (-1.5) (20)
:31+21_2_§_37X15 4!
8 16 384
— 47867 = 48 =250 + 180 - 7.5 + 0.625 + 0.46875
® Example 5.16 =423.59 ®
Using appropriate interpolation formula =424

find the number of students whose weight is
between 60 and 70 from the data given below:

ETERIEN 0-40 40-60 60-80 80-100 100-120

No. of
250 120 100 70 50

Solution:
Let x be the weight and y be the number
of students.

Difference table of cumulative frequencies
are given below.

Number of students whose weight is between
60 and 70 = y(70)— y(60) = 424 —370 = 54

Example 5.17
The population of a certain town is as
follows:

1941 1951 1961 1971 1981 1991

Population in 0 24 29 36 46 51
lakhs: y

Using appropriate interpolation formula,

estimate the population during the period 1946.

Below40 250 Solution:
120 1941 1951 1961 1971 1981 1991
60 370 -20
100 10 20 24 29 36 46 51
80 470 -30 20
70 10 Here we find the population for year1946.
100 540 -20 (i.e) the value of y at x=1946. Since the value of
50 y is required near the beginning of the table, we

120 590

use the Newton’s forward interpolation formula.
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n(n—1)
2!

n
y(x=x0+nh) =Yo + F Ayo + Az)’o

+n(n 1;(71 2)
To find y at x =1946
" X, +nh=1946, x, =1941, h=10
1941+n(10) =1946 = n=0.5

Ay, +...

1941 20
4
1951 24 1
5 1
1961 29 2 0
7 1 -9
1971 36 3 -9
10 -8
1981 46 -5
5
1991 51
Y(x=1946) = 20 + %(4) + —0'5(0'? D 1)+

N 0.5(0.5-1)(0.5-2)

3 @
L 0-50.5- 1)(0.5—2)(0.5—3)
4!
0.5(0.5—1)(0.5—2)(0.5—3)(0.5— 4)
51 (=9)

=20+2-0.125+0.0625-0.24609
=21.69 lakhs

(0)+

Example 5.18
The following data are taken from the
steam table.

40 150 160 170 180
UENN eyl 3.685 4854 6302 8076 10225

Find the pressure at temperature ¢ =175

Solution:
Since the pressure required is at the end
of the table, we apply Backward interpolation

- 116 I 12" Std. Business Mathematics and Statistics

formula. Let temperature be x and the pressure

be y.

nn+1)
2!

n
y(x=xn+nh) =V +Fvyn + szn

N nn+1)(n+2)
3!
To find yatx=175

sox, +nh=175, x, =180,h=10 = n=-0.5

Viy +..

140  3.685
1.169
150  4.854 0.279
1.448 0.047
160  6.032 0.326 0.002
1.774 0.049
170  8.076 0.375
2.149
180 10.225

Y(x=175) =10.225+(—0.5)(2.149)

L (209)(0=9) (0.375)

(—0.5)(03 '— 5)(1.5) (0.049)

. (—0—5)(0;15!)(1.5)(2.5) (0.002)
=10.225-1.0745—0.046875

—0.0030625—0.000078125
=9.10048438 = 9.1

Example 5.19
Calculate the value of y when x=7.5 from

+

the table given below:

1 2 3 4 5 6 7 8

1 8 27 64 125 216 343 512

Solution:
Since the required value is at the end of
the table, apply backward interpolation formula.

QB365 - Ouestioﬂg Bank Software
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1 1

7

2 8 12
19 6

3 27 18 0
37 6

4 64 24 0
61 6

5 125 30 0
91 6

6 216 36 0
127 6

7 343 42
169

8 512

nn+1
y(x=xn+nh) yn V + ( 21 ) sz

+n(n+1)(n+2)
3!
To find yatx =75.x,+nh=7.5,
x,=8h=1= n=-05

— —-0.5(—-0.5+1
512+ 2169+ (05+1),,

Viy +..

@ y(m=7.5)

—0.5(-0.5+1)(-0.5+2) .
3!

+
=421.88

Example 5.20

From the following table of half- yearly
premium for policies maturing at different ages.
Estimate the premium for policies maturing at
the age of 63.

Age 45 50 55 60 65
11484 96.16 8332 7448 6848

Solution:
Let age = x and premium =y

To find y at x = 63. So apply Newton’s
backward interpolation formula.
n nn+1)
y(x=xn+nh)=yn+ﬁ yn+ 21
N nn+1)(n+2)
3!

Viy,

Viy +..

To find y at x = 63

2
X,=65,h=5 :>n———

~x, +nh=063,

114.84
-18.68
5 9616 5.84
-12.84 -1.84
55 8332 4 0.68
-8.84 -1.16
60 7448 2.84
-6
65 6848
_ —2( =2
-2 5(5 1)
Y(a- S
(=63) = 68.48 + =2-(—6) + 0
HEIEE
2.84+ (-1.16)
3!
e,
+ (0.68)
3!

=68.48 + 2.4 - 0.3408 + 0.07424 - 0 - 0.028288
y(63) = 70.437.
Example 5.21

Find a polynomial of degree two which
takes the values.

BRo : 2 3 4 5 6 7

1 2 4 7 11 16 22 29
Solution:
We will wuse Newton’s backward

interpolation formula to find the polynomial.

nn+1)

VZ
2! In

n
y(x=xn+nh) =Va + Fvyn

N nn+1)(n+2)

3 V3yn+
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x y Vy Viy  Vy
0 1

1
1 2 1

2 0
2 4 1

3 0
3 7 1

4 0
4 11 1

5 0
5 16 1

6 0
6 22 1

7
7 29

To find y intermsof x ..x, +nh=x,
x,=7,h=1= n=x-7.

x=7)x—-6
Yie) =29+(x—7)(7)+—( )2( )(1)
1/,
® =29+7x-49+ (x —13x+42)

:%[58+14x—98+x2—13x+42]
=%[x2+x+2:|

5.2.4 Lagrange’s interpolation formula

The Newtons forward and backward
interpolation formulae can be used only when
the values of x are at equidistant. If the values of
x are at equidistant or not at equidistant, we use

Lagrange’s interpolation formula.

Let y=f (x) be a function such that
f (x) takes the values ¥y, ¥, ¥yseeeeeeos Y,
corresponding tox =x,, X;,X,...,x, That is
¥; Zf(xi),i=0,1,2,...,n. Now, there are
(n+1) paired values (xi,yi),i=0,1,2,...,n
and hence f (x) can be represented by a

polynomial function of degree » in x.

Then the Lagrange’s formula is

- 118 I 12" Std. Business Mathematics and Statistics

(x—xl)(x—xz)...(x—xn)

R T A
(=) (5, )~ x, )
(5 =) (51—, ) —,)
(x—xo)(x—xl)...(x—xn_l)
(Xn —XO)(XH —xl)...(xn — X,

Example 5.22
Using Lagrange’s interpolation formula
find y(10) from the following table:

5 6 9 11
12 13 14 16

Solution:

+ Y F et

))’n

Here the intervals are unequal. By
Lagrange’s interpolation formula we have

Xy =5x=6x,=9x,=11
Vo=12,y,=13,y,=14,y, =16
L o ey e o

XYy
xo =) (%=1, ) (% —x;) 7"

(x—2x,)(x—x,)(x—x;)

(xl _xo)(xl _xz)(xl RE

+

)X)’l

i QB365 - Ouestio%g Bank Software —

‘ ‘ XII Std - Business Maths & Stat EM Chapter 5.indd 118

2/28/2020 6:09:39 PM ‘ ‘



— QB365 - Ouestiogﬁ Bank Software —

* Exercise 5.2

1. Using graphic method, find the value of y
when x = 48 from the following data:

40 50 60 70
6.2 7.2 9.1 12

HH

2. The following data relates to indirect labour
expenses and the level of output

Units of output EZ 540 580

Indirect labour

expenses (Rs) 3820

3220 3640

o R M
Indirect labour 2500 2800 3100
expenses (Rs)

i | vy |

Estimate the expenses at a level of output of
350 units, by using graphic method.

3. Using Newton’s forward

formula find the cubic polynomial.

interpolation

X 0 1 2 3
flx) 1 2 1 10

4. The population of a city in a censes taken
once in 10 years is given below. Estimate the
population in the year 1955.

Year 1951 1961 1971 1981

Population in
lakhs

3

Ul

42 58 84

10.

In an examination the number of candidates
who secured marks between certain interval
were as follows:

JUEIS 0-19  20-39 40-59 60-79 80-99

No. of
41 62 65 50 17

Estimate the number of candidates whose
marks are lessthan 70.

Find the value of f (x) when x =32 from

the following table:
30 35 40 45 50
iR 159 149 141 133 125

The following data gives the melting point
of a alloy of lead and zinc where ‘¢ is
the temperature in degree ¢ and P is the
percentage of lead in the alloy.

i 40 50 60 70 80 90
8 180 204 226 250 276 304

Find the melting point of the alloy containing ®
84 percent lead.

Find f(2.8) from the following table:

0 1 2 3
f(x) 1 2 11 34

Using interpolation estimate the output of a
factory in 1986 from the following data.

Year 1974 1978 1982 1990

Output in 1000
tones

25 60 80 170

Use Lagrange’s formula and estimate from
the following data the number of workers
getting income not exceeding Rs. 26 per
month.

Income not

exceeding (3) = = = =

No. of workers IS 40 45 48
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11. Using interpolation estimate the business
done in 1985 from the following data

1982 1983 1984 1986

Business done 150 235 365 525

(in lakhs)

12. Using interpolation, find the value of f(x)
when x = 15

3 7 11 19
42 43 47 60

% Exercise 5.3

Choose the correct Answer

1. Ay, =
@y, =2y, +y, )y, +2y, -y,
@y, +2y,+y, (d) y, +y,+2y,

2. Af(x)=
(a) f(x+h) ) f(x)—f(x+h)
© f(x+h)=f(x) @ f(x)=f(x=h)

3. =
Q)1+ A
(b) 1-A
1+V sy
(d)1-V V225K

4. If h=1, then A(x2)=
(a)2x (b) 2x -1
(c) 2x+1 (d)1

5. If cisa constant then Ac=
(a) ¢ (b) A
(c) A? (d)0

6. If m and n are positive integers then
A"A"f (x) =
(@) A" f(x)
(c) A"f(x)

(b) A" f(x)
(d) A" f (x)

- 120 I 12" Std. Business Mathematics and Statistics
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7. 1f ‘n’ is a positive integer A" I:A_"f (x):l

(a) f(2x) (b) f(x+h)

(9 f(x) (@) 4f (x)
8. Ef(x):

@ flx=h) ) f(x)

(©) f(x+h) (d) f(x+2h)
9. V=

(a) 14E (b) 1-E

()1-E~ (d) 1+E™
10. Vf (a)=

(a)f(a)+f(a—h)
(b) f(a)=f(a+h)
(c)f(a)—f(a—h)
(d) f(a)

11. For the given points (xo, yo) and (xl, )’1)
the Lagrange’s formula is

X—Xx X—Xx
(a)y(x)z 1)’0+ 0 N
Xo — X X1 =X
X, —X X—X
(b) y(x)=F——y,+—y,
Xo — X X1~ X
X—Xx X—X
(c)y(x)z 1)’1"' 0 Yo
Xy — X, X, =X,
X, —X X—Xx
@) y(x)==——=y+—Ly,
Xy — X, X, — X,

12. Lagranges interpolation formula can be
used for

(a) equal intervals only
(b) unequal intervals only
(c) both equal and unequal intervals

(d) none of these.

13.If f (x) =x"+2x+2 and the interval of
differencing is unity then Af (x)

(a) 2x-3 (b) 2x+3
(0x+3 (d) x-3

QB365 - Ouestio%g Bank Software
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14. For the given data find the value of A’ Y, is

- s 9w
B s

(a) 1 (b) 0 (c)2 (d) -1

Miscellaneous Problems

1. If f( ) e™ then show that f(()),
( )A ( )areinG.P.

2. Prove that i) (1 + A)(l - V) =
i) AV=A-V (ii) EV=A=VE
3. A second degree polynomial passes though

the point (1,-1) (2,-1) (3,1) (4,5). Find the
polynomial.

4. Find the missing figures in the following
table:

BY o 5 w0 15 20 25
BN - s - 32

5. Find f(0.5)if f(-1)=202, f(0)=175,
f(1)=82and f(2)=

6. From the following data find y at x = 43 and

x = 84.

BN © 0 6 70 8 %

184 204 226 250 276 304

7. The area A of circle of diameter ‘d’ is given

for the following values

BN s0o 85 90 95 100

5026 5674 6362 7088 7854

Find the approximate values for the areas of
circles of diameter 82 and 91 respectively.

8. If u, =560, u; =556, u, =520, u, =385,

show that u, = 465.

9. From the following table obtain a polynomial

of degree y in x.

1 2 3 4 5

1 -1 1 -1 1

10. Using Lagrange’s interpolation formula find
a polynomial which passes through the
points (0, -12), (1, 0), (3, 6) and (4,12).

In this chapter we have acquired the knowledge of

o Af(x)=f(x+h)—f(x)
® Vi)=f(x)-f(x=h)
Vf(x+h)=Af(x)
Ef(x):f(x+h)
E”f(x)=f(x+nh)

Newton’s forward interpolation formula:

n(n—1) nn—1)(n—2)
y(x Xo+nh) yO += A)/ + Az)’o + 3! AS)/O +..
® Newton’s backward interpolation formula:
n n(n +1) nn+1)(n+2)
y(x=xn+nh) =Vn + Fvyn sz 3! V3yn +
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® [Lagrange’s interpolation formula:

(x—xl)(x—xz)...(x—xn) (x—xo)(x—xz)...(x—xn)

%0 =) (%0 =2,) (%0 =%,) 0 " (s =) (3 = ) (3, — %,

(x —xo)(x—xl)...(x —xn_l)

(x, = x ) (%, =%, )2, = x,,_,)

GLOSSARY (&emev&aismmasen)

y = f(x) =( )y1+...

+

Vn

Algebraic methods Buih&eoofls (LPemma6iT
Backward difference operator Wer@GmméE GeumiLm(bé 1&wed)
Extrapolation UMEEE([HEH6D
Finite differences L omeor GeumiLmbs6it
Forward difference operator (PerGHN&EE Ceumun (s aswed
Graphic method 6UEMITLIL (LP6DM

® Gregory- Newton’s formulae HflGanifl-Hluy L eofledr gy SHImrhiser @
Interpolation BemL&F5[HEHD
Lagrange’s formula Beosnmerduledr gSHb
Numerical eT6voT600 IUIWLIED
Policy &S
Shifting operator 8L Leuwieys e\Fwed
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ICT Corner

Expected Result is shown
in this picture

Open the Browser, type the URL Link given
below (or) Scan the QR Code. GeoGebra
work Book named “12t Standard Business
Mathematics and Statistics” will open.

Select “Volume-1"

Select the worksheet named “Numerical
Methods”

In this Forward Difference table is given.
You can type new function in the box
given. Calculate and Check the table.

Browse in the link

Forward Dif ference table for f(z) =2° + 3z + 3.2 = 1,2.3,4.5.6.

x y Ay A% A%y A'y A%y
1 7
10
2 17 12
2 6
3 39 18 0
40 6 0
4 79 24 0
64 6
5 143 30
9
6 237

Type your function here

Function:x®+ 3x + 3

_ e =

In the work book there are two Volumes. |

Integration- Market Consumers'

nnnnnnnnn Gamma Integral Equilibrium Surplus

Differential Numerical
Equation Methods

<« o @ . www geogebra.ory P TR
= GeoGebra <
Numerical Methods
126h Standard Business Mathematics
Author: DVasu R

Forward difference table

Forward Dif ference table for f(x) ==+ 22 + 2, = 1,2,3,4,5,6.

x y Ay Aty A%y Aty A’y
i | 5
9
2 14 12
21 6
3 35 18 o
39 6 o
4 74 24 0
63 6
5 137 30
93
6 230

Type your function here

Function:x® + 2x + 2

12t standard Business Mathematics and Statistics:
https://ggbm.at/uzkcrnwr (or) Scan the QR Code.

B284_12_BUS_MAT_EM
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Random Vari
and Mathematic
Expectation

Introduction

etween
Sylvestre-Frangois
Lacroix in 1816 and Louis Bachelier

in 1914, the concepts random variable and mean of

a random variable were invented. Some authors contend that
Simeon-Denis Poisson invented the concepts random variable and
expected value. Simeon-Denis Poisson, a French mathematician
known for his work on probability theory. Poisson’s research was
mainly on Probability. In 1838, Poisson published his ideas on
probability theory, which also included what is now known as Poisson
distribution. He published between 300 and 400 mathematical works including applications to electricity
and magnetism, and astronomy.

® <®/’ Learning Objectives ®

After studying this chapter students are able to understand

® Why do we use random variable?
Why do we need to define the random variable?
the types of Random variables.

the probability function.

the distribution function.

the nature of problems.

the methods for studying random experiments with outcomes that can be
described numerically.

the real probabilistic computation.

® the concept of mathematical expectation for discrete and continuous
random variables.

® the properties of mathematical expectation for discrete and continuous
random variables.

® the determination of mean and variance for discrete and continuous
random variables.

® and the practical applications of mathematical expectations for discrete
and continuous random variables.
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6.1. Random variable

Introduction:

Let the random experiment be the toss
of a coin. When ‘n’ coins are tossed, one may
be interested in knowing the number of heads
obtained. When a pair of dice is thrown, one
may seek information about the sum of sample
points. Thus, we associate a real number with
each outcome of an experiment. In other words,
we are considering a function whose domain is
the set of possible outcomes and whose range
is subset of the set of real numbers. Such a
function is called random variable.

In algebra, you learned about different
variables like X or Y or any other letter in a
particular problem. Thus in basic mathematics, a
variable is an alphabetical character that
represents an unknown number. A random
variable is a variable that is subject to randomness,
which means it could take on different values. In
statistics, it is quite general to use X to denote a
random variable and it takes on different values
depending on the situation.

Some of the examples of random variable:

(i) Number of heads, ifa coin is tossed
8 times.

(ii) The return on an investment in
one-year period.

(iii) Faces on rolling a die.

(iv) Number of customers who arrive
at a bank in the regular interval
of one hour between 9.00 a.m and
4.30 p.m from Monday to Friday.

(v) The sale volume of a store on a
particular day.

For instance, the random experiment ‘E’
consists of three tosses of a coin
and the outcomes of this
experiment forms the sample

space is ‘S’ Let X denotes the

number of heads obtained. Tossinga Coin
Fig.6.1

Here X is a real number connected with the
outcome of a random experiment E. The details
given below

(HHH) 3 (HTT) 1
(HHT) 2 (THT) 1
(HTH) 2 (TTH) 1
(THH) 2 (TTT) 0

ie, Ry ={0,1,2,3}

From the above said example, for each
outcomes w, there corresponds a real
number X(w). Since the points of the sample
space ‘S’ corresponds to outcomes is defined for
eachwes.

6.1.1 Definition of arandom variable

Definition 6.1

A random variable (r.v.) is a real valued
function defined on a sample space S and
taking values in (- oo, o) or whose possible
values are numerical outcomes of a random
experiment.

(i) If x is areal number, the set of all w in
S such that X(w)=x is, denoted by

X =x.Thus P(X = x) = P{w:X(w) = x}.

(ii) P(X < a) = P{w:X(w)€E€(~ o, a]} and
P(a < X < b) = P{lw:X(w) €(a, b]}.

(iii) One-dimensional random variables
will be denoted by capital letters,
X,Y,Z,..., etc. A typical outcome of
the experiment will be denoted by w.
Thus beX(w) represents the real
number which the random variable
X associates with the outcome 1 . The
values which X,Y,Z,..., etc, can
assume are denoted by lower case
letters, viz.,x, ), z,...,etc.
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(i) If X, and X, are random variables
and C is a constant, then

CX, X+ X,,XX,,X,—X, are
also random variables.
1
(ii) If X is a random variable, then (i) —

and (i) |X | are also random variables.

Types of Random Variable:

Random variables are classified into two
types namely discrete and continuous random
variables. These are important for practical
applications in the field of Mathematics and
Statistics. The above types of random variable
are defined with examples as follows.

6.1.2 Discrete random variable

Definition 6.2

A variable which can assume finite
number of possible values or an infinite
sequence of countable real numbers is called
a discrete random variable.

Examples of discrete random variable:
® Marks obtained in a test.
® Number of red marbles in a jar.

® Number of telephone calls at a particular
time.

® Number of cars sold by a car dealer in
one month, etc.,

For instance, three responsible persons
say, P, P and P are asked about their opinion
in favour of building a model school in a certain
district. Each person’s response is recorded
as Yes (Y) or No (N). Determine the random
variable that could be of interest in this regard.

The possibilities of the response are as follows

QB365 - Ouestiogﬁ Bank Software

Table 6.1
Values of Random
e variable
Possibilities | P, | P, | P, (Number of Yes
those who are given)
1 Y Y Y 3
2 Y Y N 2
3 Y N Y 2
4 Y NN 1
5 N Y Y 2
6 N Y N 1
7 N N Y 1
8 N N N 0

Form the above table, the discrete random
variable take values 0, 1, 2 and 3.

Probability Mass function

Definition 6.3

If X is a discrete random variable with
distinct valuesx;, x5, ..., X, ..., then the
function, denoted by Py (x) and defined by

P(szl)zpzzp(xz) if_X':xi ,i=1,2,...,n,...

PX(x)=p(x)={0 if x#x;

This is defined to be the probability mass

function or discrete probability function of X.

The probability mass function p(x) must
satisty the following conditions

(i) p(x,)>0V1i, (i) Y plx;) =1
i=1

Example 6.1

The number of cars in a household is
given below.
No. of cars 0 1 2 3 4
NN FSEINS I 30 320 380 190 80

Estimate the probability mass function.
Verify p(x;) is a probability mass function.

Solution:

Let X be the number of cars
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Table 6.2 O+a+2a+2a+3a+a’+2a’*+7a’+a =1
Number of 2 _
X=x, Household plx;) 10a7+9a-1=0
0 30 0.03 (10a-1)(a+1) =0
1 320 0.32 4= — and -1
10
2 380 0.38 Since p(x) cannot be negative, a = - 1 is
1
> 1=y 12 not applicable. Hence, a = 0
4 80 W (ii) P(X <3)=P(X=0)+P(X=1)+P(X=2)
Total 1000 1.00 — 0+a+2a
(i) p(x;)=20Viand =3a
) 3 (L1
i) Y plx;) 10 U 10
i=1 (iii) P(X >2)=1-P(X<2)
= p(0)+p(1)+p(2)+p(3)+p(4) =1-[ P(X=0)+ P(X=1)+P(X=2)]
=0.03+0.32+0.38+0.19+0.08 =1 3
Hence p(x;)is a probability mass function. T 10
N _ 7
9
® For X=0, the probability 0.03, comes (iv) P2< X <5)=P(X=3)+P(X=4)+P(X=5) @
from 30/1000, the other probabilities are —2a+3a+ad
estimated similarly. g
Example 6.2 = i+i _ 2L
A random variable X has the following 10100 100
probability function Example 6.3
0 1 2 3 4 5 6 7
of X . X x=0,1,2,3,4,5
0 a 2a 2a 3a a* 2a° 7da°+a If p(x)=120

0, otherwise
(i) Find a, Evaluate (ii) P(X < 3), (iii) P(X > 2) o .
<
and (iv) P2< X <5). Find (i) P(X <3) and (ii) P(2< X <4)
Solution:

P(X<3)=P(X=0)+P(X=1)+P(X=2)

Solution:

(i) Since the condition of probability mass

function is — 0+i 2 - 3
o 20 20 20
Y plx;) =1
& PQ2< X<4)= P(X=3)+P(X=4)
o3 ) <1 NEINE
" P 20 20 20
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Example 6.4 Table 6.4
If you toss a fair coin three times, the =
outcome of an experiment consider as random o =
variable which counts the number of heads on RO
the upturned faces. Find out the probability ~ES202 R
mass function and check the properties of the g ~eoerolR 2 G
probability mass function. T PEgEoEREI G S
] —_ NN~ W~ B~ U1 = O
Solution: SR R b e o I I
. Iy = o N /.J: W o~ B~ ~ U
. . A 17,) ~ ~ [k ~ é.n ~ VO\ =
Let Xis the random variable which 2 a8 L0~ »
T N
counts the number of heads on the upturned 2ldelE |
faces. The outcomes are stated below —
Z

These values are summarized in the

Outcomes Vg%l;gs Outcomes Vgggs ” —
(HHH) 3 (HTT) ] 5
(HHT) 2 (THT) 1 =

512|345 7
(HTH) 2 (TTH) 1 £
(THH) 2 (TTT) 0 g

o3

1 2 3 4 5 6 5 4

following probability table.
Table 6.3

@ Value of X n Discrete distribution function ®
pe) 1033 L s

8 8 8 8 The discrete cumulative distribution
function or distribution function of a real

(i) p(x;,)=20Vi and

valued discrete random variable X takes the

3 table number of point ith
. countable number of points x,, x,, ... wi
(i) Y plx;)=1 . e
P corresponding probabilities p(x,), p(x,), ...
Hence, p(x.)is a probability mass function and then the cumulative distribution function
b i .
is defined by
Example 6.5 " Fy(x)=P(X<x), forallxeR
Two unbiased dice are //y _
thrown simultaneously and sum i.e., Fy(x)= z px;)
of the upturned faces considered @ X=X
as random variable. Construct a oe:,-‘
probability mass function. Fig.6.2 For instance, suppose we have a family of
) two children. The sample space
Solution:
LD (12) (13) 1.4 (15 (1.6) S = {bb, bg, gb, gg}, where b =boy and g = girl
Q1) (22) (23) (24) (25 (26) { 8 8b: g} Y £§=8
Sample space (5)={>) @2 @) G (5 GO Let X be the random variable which counts
1) (42) (43) (44) (45 (46)
6D 652 63) 64 GS) 66 the number of boys. Then, the values (X)
61) (62) (63) (64) (65) (66) corresponding to the sample space are 2, 1, 1,
Total outcomes : n(S) = 36 and 0.
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Hence, the probability mass function of X is

X=x 0
p(x) 1
4

Then, we can form a cumulative distribution

function of X is

QB365 - Ouestiogﬁ Bank Software

cro

1 2 o
P(x) =
1 1

2 4 Solution

X =x ! 2 3

0C0

0€0

S1°0

800

X=x 0 1 2
1 ! ! F(2)=P(x<2)=P(1)+P(2)
('x) - ~ - = =

p 4 5 4 0.104+0.12=0.22
11 1 1 F(3)=P(x<3)=P(1)+ P(2)+ P(3
(=< RVEEERENR R (3)=P(x<3)=P(1) + PQ2)+ P(3)

44 2 4 4 4 =F(2)+ P(3)

A coin is tossed thrice. LetX be the =042

number of observed heads. Find the cumulative

distribution function of X .

F(4)=F(3)+P(4)

S0°0

=0.42+0.30
Solution:
=0.72
The sample space (S) ={ (HHH), (HHT),
® (HTH), (HTT),(THH),(THT),(TTH),(TTT)} F(5)=F(4)+ P(5)
X takes the values: 3,2,2,1,2,1, 1,and 0 =0.72+0.15
=0.87
Range of X(Rx) 0 1 2 3
' F(6)=F(5)+ P(6)
p 1 3 3
(%) =1z 13 1|z — 0.87 +0.08
=0.95
F (%) r 4 7
: 8 8 8 F(7)=F(6)+ P(7)
0, forx<0 =0.95+0.05
%,for03x<1 =1.00
A
Thus, we have F, (x)=1 é, for1<x<2 035 1 Graph of p(x)
5 030 4
—, for2<x<3 025 4
8 —
1, forx<3 z 00T
L’ - S oasd
Example 6.7 2(1)0 T
Construct the distribution function for o : o o -
the discrete random variable X whose 12 3 5 6
probability distribution is given below. Also A/ X =X
Fig.6.3

draw a graph of p(x) and F(x).

‘ ‘ XII Std - Business Maths & Stat EM Chapter 6.indd 129

From the values of p(x) given in the
probability distribution, we obtain

F(1)=P(x<1)=P(1)=0.10
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1.2 4+

1.0 +
Graph of F(x)
0.8 + P

0.6 +

Fx)

04 4
02+ |
} T } T >

1 2 3 4 5 6 7
X=x
Fig.6.4

0, ifx<l
0.10, if x<1
0.22, if x<2
0.42, if x<3
0.72, if x<4
0.87, if x<5
0.95, if x<6
L, ifx<7
6.1.3 Continuous random variable

Definition 6.5

A random variable X which can take on

A

F(x) is Fy (x)=1

any value (integral as well as fraction) in the
interval is called continuous random variable.

Examples of continuous random variable

® Theamount of water in a 10 ounce bottle.
The speed of a car.

Electricity consumption in kilowatt hours.
Height of people in a population.

Weight of students in a class.

The length of time taken by a truck driver
to go from Chennai to Madurai, etc.

Probability density function

Definition 6.6

The probability that a random variable
X takes a value in the interval [¢,,¢,] (open
or closed) is given by the integral of a function
called the probability density function f, (x):

P(t, <X sr2)=ffx(x)dx.

- 130 I 12" Std. Business Mathematics and Statistics

Other names that are used instead of
probability density function include density
function, continuous probability function,
integrating density function.

The probability density functions f, (x)
or simply by f(x) must satisfy the following
conditions.

G) f(z)>0Vzand (i) j flx)dx=1.

Example 6.8
A continuous random variable X has the
following p.d.f f(x)=ax , 0<x<1

Determine the constantaandalsofind P l:X < %:|

Solution:

We know that

oo

| feodx =1

j.ax dx=1= aj.xdx =1

0 0
1
2
za(x—J =1
2
0
=2(1-0)=1
=a=2
1
2

1
P[x < E] = {, F(x)dx

1

1
2 2
=|axdx = j2xdx =—\
0 0

Example 6.9
A continuous random variable X has p.d.f

fx)= 5x*,0<x<1 Find a,and a, such that
(i) P[X <a,]= P[X >a,] (ii) P[X >a,]=0.05
Solution

(i) Since P[X <a,]=P[X >aq,]

1
P[XS&ZI]ZE
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f 1 0= % By =
ie, | fode=2 ) Fla)=——Fx)= f(x)20
. | (Vi) F/(x) = dip(x) = f(x)=dF(x)= f(x)dx , dF(x)
X
ie., I 5x'dx = 2 is known as probability differential of X .
0 b b a
ST (Vi) Pla<x<b)=[f(x)dx= [ f(x)dx - [ f(x)dx
5| 2—| == a e e
5 0 2 =P(X<b)-P(X<a)
1
a,=(0.5)5 = F(b)—F(a)
(i) P[X>a,]=0.05 Example 6.10
L Suppose, the life in hours of a radio tube
j f(x)dx =0.05 has the following p.d.f
” 100

1
J 5x*dx =0.05

a)
1
5
S[x—:| ~0.05
5
a
1
a, =[0.95]s

Continuous distribution function

Definition 6.7

If X is a continuous random variable
with the probability density function f (x),
then the function Fy (x) is defined by

Fy(x)=P[X<x]= T f(t)dt,—o < x < oo

—oco

is called the distribution function (d.f) or
sometimes the cumulative distribution function
(c.d.f) of the continuous random variable X .

Properties of cumulative distribution function
The function FX(x) or simply F(x) has the

following properties

(i) 0<F(x)<1,—co<x<oo

(i) F(=c0)= lim F(x)=0 and F(4e0) = lim F(x)=1.

(iii) F(-) isx %_; monotone, nonfc_l)gcreasing

function; that is, F(a)<F(b) for a<b.

(iv) F(-) is continuous from the right; that is,
lim F(x+h)=F(x).
h—0

—— ,whenx =100
flx)=1 x*
0, whenx <100

Find the distribution function.

Solution:

X

F(x)= [ f(tdt

——dt,x>100

_: 100
-]

100

1 X
=[ﬂ:| ,x 2100

—t 100

100
F(x):[l——],x =100
X

Example 6.11

The amount of bread (in hundreds of
pounds) x that a certain bakery is able to sell in
a day is found to be a numerical valued random
phenomenon, with a probability function
specified by the probability density function

f(x)is given by

Ax, for0<x <10
f(x)=4A(20—-x), forl0<x<20
0, otherwise

(a) Find the value of A.
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(b) What is the probability that the number of
pounds of bread that will be sold tomorrow is
(i) More than 10 pounds,
(ii) Less than 10 pounds, and
(iii) Between 5 and 15 pounds?

Solution:

oo

(a) We know that J- f(x)dx =1

10 20
J. Axdx+ J AQ0—x)dx=1

10

0
) 10 2 20
A [x—] +|:20x—x—:| —1
2 2
0 10

A[(50 - 0)+ (400 —200) — (200 — 50)]=1
_ 1
100
(b) (i) The probability that the number of pounds
of bread that will be sold tomorrow is

more than 10 pounds is given by

20
P(10§X§20)=j$(20—x)dx

10

1 5720
=—|20x-2
100 2
10

1
_ﬁ[(ztoo —200)-(200-50) |

=0.5
(ii) The probability that the number of pounds
of bread that will be sold tomorrow is less
than 10 pounds, is given by

10
1
P(0 SX<10)=I—xdx
) 100

10
_LH
100 2
0

1
—E(SO—O)

=0.5

(iii) The probability that the number of
pounds of bread that will be sold
tomorrow is between 5 and 15 pounds is

- 132 I 12" Std. Business Mathematics and Statistics
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15

10
1 1
P(5<X<15)=|—uxdx+ | — (20— x)dx
( ) leO JIOO( %

5 10
10 15
1|« 1 2
100] 2 100 2
5 10
=0.75

* Exercise 6.1

1. Construct cumulative distribution function
for the given probability distribution.

.o
P(X = x) 03 02 04 0.1

2. Let X beadiscrete random variable with

the following p.m.f
0.3 forx=3
02  forx=5

p(x)=40.3  forx=38
02 forx=10
0 otherwise

Find and plot the c.d.f. of X.

3. 'The discrete random variable X has the
following probability function

kx x=2,4,6
P(X=x)=13k(x-2) x=8
0 otherwise

where k is a constant. Show that k= E

4. The discrete random variable X has the
probability function

k 2k 3k 4k

Show that k = 0-1.

5. Two coins are tossed simultaneously.
Getting a head is termed as success. Find
the probability distribution of the number
of successes.
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6. A continuous random variable X has the
following probability function

Value -

of X=x

0 k 2k 2k 3k k® 2Kk*7k*+k
(

i) Findk
(ii) Evaluate p(x < 6), p(x = 6)and
p(0<x<5)

1
(iii) If P(X< x) > E,then find the
minimum value of x .

7. The distribution of a continuous random
variable X in range (-3, 3) is given by p.d.f.

1
—(B+x), -3<x<-1
16

1
f(x)=1 3(6—2%), —1<x<1

1
—(B-x)1<x<3
16

Verify that the area under the curve is unity.

8. A continuous random variable X has the
following distribution function

0 Jif x<1
F(x)={k(x-1)*,ifl<x<3
1 Jif x>3

Find (i) k and (ii) the probability density function.

9. The length of time (in minutes) that a
certain person speaks on the telephone is
found to be random phenomenon, with a
probability function specified by the
probability density function f(x) as

f(x)_{Ae’”5 , for x=20

0 ,otherwise

(a)  Find the value of A that makes f(x) ap.d.f.

(b)  What is the probability that the number of
minutes that person will talk over the phone
is (i) more than 10 minutes, (ii) less than 5
minutes and (iii) between 5 and 10 minutes.

QB365 - Ouestio% Bank Software

10.

(a)

(b)

11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

Suppose that the time in minutes that
a person has to wait at a certain station
for a train is found to be a random
phenomenon with a probability function
specified by the distribution function

0, for x<0

f,forOSx<1
2

1
F(x):<5,for1Sx<2

i,forZSx<4

1, forx=4

Is the distribution function continuous? If
so, give its probability density function?

What is the probability that a person will
have to wait (i) more than 3 minutes, (ii)
less than 3 minutes and (iii) between 1
and 3 minutes?

Define random variable.

Explain what are the types of random
variable?

Define discrete random variable.

What do you understand by continuous
random variable?

Describe what is meant by a random
variable.

Distinguish ~ between  discrete and
continuous random variable.

Explain the distribution function of a
random variable.

Explain the terms (i) probability mass
function, (ii) probability density function
and (iii) probability distribution function.

What are the properties of (i) discrete
random variable and (ii) continuous
random variable?

State the properties of distribution
function.
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6.2. Mathematical Expectation
Introduction

An extremely useful concept in problems
involving random variables or distributions
is that of expectation. Random variables can
be characterized and dealt with effectively
for practical purposes by consideration of
quantities called their expectation. The concept
of mathematical expectation arose in connection
with games of chance. For example, a gambler
might be interested in his average winnings at
a game, a businessman in his average profits
on a product, and so on. The average value of
a random phenomenon is also termed as its
Mathematical expectation or expected value. In
the following sections, we will define and study
the concept of mathematical expectation for
both discrete and continuous random variables,
which will be used in the following subsection.

6.2.1 Expected value and Variance
Expected value
The expected value is a weighted average

of the values of a random variable may assume.
The weights are the probabilities.

Definition 6.8

Let X be a discrete random variable with
probability mass function (p.m.f) p(x).
Then, its expected value is defined by

E(X)=) xp(x) (1)

If X is a continuous random variable
and f(x) is the value of its probability density
function at x, the expected value of X is

EX)=[xf()dx  .@)

E
® In (1), E(X) is defined to be the

indicated series provided that the
series is absolutely convergent;

Note

otherwise, we say that the mean
does not exist.

- 134 I 12" Std. Business Mathematics and Statistics
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® In (1), E(X) is an “average” of the
values that the random variable takes
on, where each value is weighted
by the probability that the random
variable is equal to that value. Values
that are more probable receive more
weight.

® In (2), E(X) is defined to be the
indicated integral if the integral
exists; otherwise, we say that the
mean does not exist.

® In (2), E(X) is an “average” of the
values that the random variable
takes on, where each value x is
multiplied by the approximate
probability that X equals the value x,
namely f, (x)dx and then
integrated over all values.

® [E(X) is the center of gravity or
centroid of the unit mass that is
determined by the density function
of X. So the mean of X is measure
of where the values of the random
variable X are “centered”.

® The mean of X, denoted by @ _or
E(X).

Variance

The variance is a weighted average of the
squared deviations of a random variable from
its mean. The weights are the probabilities. The
mean of a random variable X, defined in (1)
and (2), was a measure of central location of the
density of X. The variance of a random variable
X will be a measure of the spread or dispersion
of the density of X or simply the variability in
the values of a random variable.

QB365 - Ouestio%g Bank Software
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Definition 6.9

The variance of X is defined by
Var()=3 [x~EX) [ p(x) .. 3)

if X is discrete random variable with
probability mass function p(x).

Var(X)= T [x-EOT fex)dx .. @)

if X is cor_ljanuous random variable with
probability density function f, (x).

Definition 6.10
Expected value of [X ~E(X)]* is called the
variance of the random variable.

L€ Var(X) =E[X - EX)J =E(X*)-[ECO] -~ (5)

where
sz p(x), if Xis Discrete Random Variable

E(X?)=1
_[ x* f(x)dx, if XisContinuous Random Variable

—oo

A\
Note i

® In the following examples, variance

will be found using definition 6.10.

® The variances are defined only if the
series in (3) is convergent or if the
integrals in (4) exist.

® If Xis a random variable, the
standard deviation of X (S.D(X)),
denoted by o, is defined as

® The variance of X , denoted by O'X2

or Var(X) or V(X)
no__ A%
YOU My

(B4 KNOW?

Mean is the center of gravity of a
density; similarly, variance represents
the moment of inertia of the same
density with respect to a perpendicular
axis through the center of gravity.

6.2.2 Properties of Mathematical

expectation
(i) E(a)=a, where d is a constant
(ii) E(aX)=aE(X)

(iii) E(aX+b)=aE(X)+b, where ‘@’

and ‘b’ are constants.

(iv) If X>0,then E(X)=0

(v) V(a)=0

(vi) If X is random variable, then

V(aX+b)=a’V(X)

Concept of moments

The moments (or raw moments) of a
random variable or of a distribution are the
expectations of the powers of the random
variable which has the given distribution.

Definition 6.11

If X is a random variable, then the " moment
of X, usually denoted by ¢' , is defined as ¢’ =
2 x"p(x), fordiscreterandom variable

S | |
j x" f(x)dx, for continuous random variable

—oco

provided the expectation exists.

Definition 6.12

If X is a random variable, the '™ central
momentof X aboutaisdefinedas E [(X - a)r]

dfa= ®_,we have the ' central moment of X
about ? denoted by ?, which is

0 = E[(X-¢,)]

® (p'1 =EX) =0,, the mean of X.
¢, = E[X-¢,] =0.
¢, = E[(X—(pX)Z], the variance of X .

All odd moments of X about ?,
are 0 if the density function of X is
symmetrical about ¢, , provided
such moments exist.

Random Variable and Mathematical Expectation I 135 -

QB365 - Ouestio@g Bank Software

2/28/2020 2:56:03 PM ‘ ‘



‘ ‘ XII Std - Business Maths & Stat EM Chapter 6.indd 136

QB365 - Ouestio% Bank Software

Example 6.12

Determine the mean and variance of the
random variable X having the following
probability distribution.

12345678910
© o o o o o o o o <
PO RIS [ETE =SS = S

Solution:
Mean of the random variable

X = E(X)=) xPy(x)

X
= (1 x0.15) + (2 x 0.10) + (3 x 0.10) +
(4x0.01)+(5x0.08) + (6 x0.01) +
(7 x0.05) + (8 x0.02) + (9 x0.28) +
(10 x 0.20)

E(X)=6.18

E(Xz)zz:x2 P, (x)
= (iz x 0.15) + (2% x 0.10) + (3> x 0.10)
+ (4% x 0.01) + (5% x 0.08) + (6% x
0.01) + (7* x 0.05) + (8 x 0.02) +
(9% x 0.28) + (10° x 0.20).
=50.38
Variance of the Random Variable
X=V(X)= 15()(2)—[E(X)]2
=50.38 - (6.56)*
=12.19
Therefore, the mean and variance of the

given discrete distribution are 6.18 and 12.19
respectively.

Example 6.13

Six men and five women apply for an
executive position in a small company. Two of
the applicants are selected for an interview. Let X
denote the number of women in the interview pool.
We have found the probability mass function of X.

e

2

2 5 4

P(x) — — —
11 11 11

- 136 I 12" Std. Business Mathematics and Statistics

How many women do you expect in the
interview pool?
Solution:

Expected number of women in the
interview pool is

E(X)=) xPy(x)

13
11
Example 6.14
Determine the mean and variance of a

discrete random variable, given its distribution
as follows.

1 2 3 4 5 6

X=x
P B 4 1
: e lela |

Solution

()
| @
| wn

From the given data, you first calculate the
probability distribution of the random variable.
Then using it you calculate mean and variance.

X p(x)
1

1 e 2 1 1
2 F(2) F(1)_g3 g;gl
3 Fz3j Fizj é §:§
4 F(4) -F(3) = ——2==
R
5 B(5) - F(4) = Sg?
6 F(©) - F(5) = 1-==

The probability mass function is

X=x 1 2 3 4 5 6

e L]l
6 6 6 6 6

|~
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Mean of the random variable X

= E(X) =ZxPX(x)
= (1xé)+(2xé)+(3xé)+(4xé)+(5x%)+(6xé)

= %(1+2+3+4+5+6)

E(Xz):sz Py (x)

= (12><1)+(22xl)+(32xl)+(42xl)+(52xl)+(62xlj
6 6 6 6 6 6
1
= (P42’ 43744745 +6)
6

A

6
Variance of the Random Variable

X=V(X)= E(Xz)—[E(X)]z

9 (7Y
6 2
_35
12
Example 6.15

The following information is the
probability distribution of successes.

No. of Successes 0 1 2

- 6 9 1
Probability o = =

Determine the expected number of success.

Solution:

Expected number of success is

E(X)=ZxPX(x)

Lo e 1x2 |+ 2x 2
11 22 22
_11

= =0.5
22

Therefore, the expected number of success
is 0.5. Approximately one success.

Example 6.16

An urn contains four balls of red, black,
green and blue colours. There is an equal
probability of getting any coloured ball. What is
the expected value of getting a blue ball out of
30 experiments with replacement?

Solution:
Probability of getting a blue ball (p) = %
=0.25
Total experiments (N) =30

Expected value = Number of

experiments X
Probability

=Nxp
=30x0.25
=7.50

Therefore, the expected value of getting
blue ball is approximately 8.

Example 6.17
A fair die is thrown. Find out the expected
value of its outcomes.

Solution:

If the random variable X is the top face of
a tossed, fair, six sided die, then the probability
mass function of X is

1
Py (x)=g, for x = 1,2,3,4,5 and 6

The average toss, that is, the expected
value of X is

E(X) =ZxPX(x)
:(1x1)+(2x1)+(3x1)+(4x1)
6 6 6 6
+(5x1)+(6x1)
6 6
7

- l(1+2+3+4+5+6) =L =35
6 2
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Therefore, the expected toss of a fair six
sided die is 3.5.

Example 6.18
Suppose the probability mass function of
the discrete random variable is

p(x) 02 01 04 03

What is the value of E(3X + 2X?) ?

Solution:

E(X)=) xPy(x)

=(0x0.2) + (1x0.1) + (2 x 0.4) +

(3x0.3)
=138

E(X*)=Y %" Py(x)
=(0*°x0.2) + (1*x0.1) + (2> x 0.4)
+(3*%0.3)
=44
E(3X +2X%) =3E(X) + 2E(X?)
=(3x1.8) + (2 x 4.4)
=142

Example 6.19
Consider a random variable X with
probability density function

4x°,if 0<x<1
fa= {0 , otherwise
Find E(X) and V(X).
Solution:

We know that,

oo

E(X)= [ x f(x)dx

—oo

:-1[)c4x3 dx
0

1
5
0

4
E(X)=¢

- 138 I 12" Std. Business Mathematics and Statistics

E(X2)= T x* f(x)dx

Example 6.20
If f (x) is defined by f(x)=ke ™ ,0<x<oo
is a density function. Determine the
constant k and also find mean.

Solution:

We know that

J' f(x)dx=1,since f(x) is a density function.

oo

Ike‘zx dx=1

0

kTe_Zx dx=1
0

—2x |7
-2
0

=k=2

oo

E(X)= [ x f(x)dx

—oo

:Txk e > dx =2T xe > dx
0 0

2x |7 e —2x
—2]| X —J- ¢ dx
-2 -2
0 0

(v Judv=ur [ vau)

=1je_2x dx =%
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Example 6.21

The time to failure in thousands of hours
of an important piece of electronic equipment
used in a manufactured DVD player has the
density function.

—3x
f(x)={36 , x>0

0, otherwise
Find the expected life of the piece of
equipment.

Solution:

We know that,

oo

E(X)= [ x f(x)dx

—oo

= I x3e > dx
0

xe *dx

[ e_3x }m
X —
-3
0

I[e_; )dx} (- Judv=uv—[vau)

Therefore, the expected life of the piece of

1
equipment is 3 hrs (in thousands).

Example 6.22

A commuter train arrives punctually at

a station every 25 minutes. Each morning, a

commuter leaves his house and casually walks

to the train station. Let X denote the amount of

time, in minutes, that commuter waits for the

train from the time he reaches the train station.

It is known that the probability density function
of X is

1

f(x)=125

0, otherwise.

, for0<x<25

Obtain and interpret the expected value
of the random variable X.

Solution:

Expected value of the random variable is

E(X)= [ x f(x)dx
25
= J.xidx
25
25
:LJ.xdx
257

1 x2 25
T25| 2
0

=12.5
Therefore, the expected waiting time of

the commuter is 12.5 minutes.

Example 6.23
Suppose the life in hours of a radio tube
has the probability density function

X

flx)= e 100 whenx>100
0, whenx<100 @

Find the mean of the life of a radio tube.

Solution:

We know that, the expected random
variable

E(X)= T x f(x)dx

©  _X
= J. xe 100 dx
100
R _x
e 100 3 e 100
=4 x - d
1 ] 1|
- 100 ———
100 |, 100

(','IudVZuv—J.vdu)
=/ (10000)(& ")+ (10000) (¢ )
= [(10000)(0.3679)+(10000)(0.3679) |
=7358 hours

Therefore, the mean life of a radio tube is
7,358 hours.
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Example 6.24 o
The probability density function of a =Ixze_xdx ¢+ e ™ isan even function)
random variable X is 0

F(x)=ke ™, —co< x <00 -1() (vr(a) =[x dvazom - (n—n!]

Find the value of k and also find mean =2
and variance for the random variable. V(X):E(XZ)—[E(X )]Z
Solution zz -[of
We know that,

, % Exercise 6.2

J. f(x)dx=1
- 1. Find the expected value for the random
T k e—\x\ dx=1 variable of an unbiased die
- Let X be a random variable defining
k T e My =1 number of students getting A grade. Find

e the expected value of X from the given

o0 table
ZkJ e “dx=1
0 0 1 2 3
(+ e™ isan even function)
- 0.2 0.1 0.4 0.3
® 2k|:e_1:| =1 3. The following table is describing about ®
0 the probability mass function of the
k= 1 random variable X
2

Mean of the random variable is

E(X)= ]? x f(x)dx

E(X)= j xke Mdx

(" xe™ isan odd function of x)

Find the standard deviation of x.

Let X be a continuous random variable
with probability density function

2x, 0<x<1

zl T e gy fxlx) = {0, otherwise
2 Find the expected value of X .
=0 Let X be a continuous random variable

E(X*)= ]o X f(x)dx

= ]: ke Mldx

LT 2y
=— | x%e "dx
|

—oo

- 140 I 12" Std. Business Mathematics and Statistics
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with probability density function

3
—,x21
f(x)=1x*

0, otherwise
Find the mean and variance of X .
In an investment, a man can make a profit
of X 5,000 with a probability of 0.62 or
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10.

11.

12.

13.

14.

15.

a loss of X 8,000 with a probability of 0-38.
Find the expected gain.

What are the properties of Mathematical
expectation?

What do you understand by Mathematical
expectation?

How do you define variance in terms of
Mathematical expectation?

Define Mathematical expectation in terms
of discrete random variable.

State the definition of Mathematical
expectation using continuous random
variable.

In a business venture a man can make a
profit of X 2,000 with a probability of 0.4
or have a loss of X 1,000 with a probability
of 0-6. What is his expected, variance
and standard deviation of profit?

The number of miles an automobile tire
lasts before it reaches a critical point in
tread wear can be represented by a p.d.f.

X

1 —
—e 0, forx>0
fe=130° K
0 , forx<0
Find the expected number of miles
(in thousands) a tire would last until it

reaches the critical tread wear point.

A person tosses a coin and is to receive X 4
for a head and is to pay X 2 for a tail. Find
the expectation and variance of his gains.

Let X be arandom variable and Y = 2X
+ 1. What is the variance of Y if variance
of Xis5?

* Exercise 6.3

Choose the correct Answer

1.

‘ ‘ XII Std - Business Maths & Stat EM Chapter 6.indd 141

Value which is obtained by multiplying
possible values of random variable with
probability of occurrence and is equal to
weighted average is called

QB365 - Ouestio% Bank Software

(a) discrete value
(b) weighted value

(c) expected value

(d) cumulative value : -
E1SI8BZ

Demand of products per day for three
days are 21, 19, 22 units and their
respective probabilities are 0- 29, 0- 40, 0-
35. Pofit per unit is 0-50 paisa then
expected profits for three days are

(a) 21,19, 22 (b) 21.5,19.5, 22.5

() 0.29, 0.40,0.35 (d) 3.045, 3.8, 3.85

Probability which explains x is equal to or
less than particular value is classified as

(a) discrete probability

(b) cumulative probability
(c) marginal probability
(d) continuous probability

Given E(X) =5and E(Y) =-2,then E(X - Y) is
@3 ®5 (©7 (d-2
A variable that can assume any possible
value between two points is called
(a) discrete random variable
(b) continuous random variable
(c) discrete sample space

(d) random variable

A formula or equation used to represent
the probability distribution of a
continuous random variable is called

(a) probability distribution
(b) distribution function
(c) probability density function

(d) mathematical expectation

If X is a discrete random variable and
p(x) is the probability of X, then the
expected value of this random variable is
equal to

Random Variable and Mathematical Expectation I 141 -
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10.

11.

12.

13.

14.

15.
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(@) Y f(x) b)Y [x+f(x)]
© Y, flx)+x (d) Y xp(x)

Which of the following is not possible in
probability distribution?

() D p(x)20 ®) Y plx)=1

(© Y xplx)=2 (d) plx)=—0.5
If c is a constant, then E(c) is

()0 (b)1

(0) ¢ f(c) dc

A discrete probability distribution may be
represented by

(a) table

(b) graph

(c) mathematical equation
(d) all of these

A probability density function may be
represented by

(a) table

(b) graph

(c) mathematical equation
(d) both (b) and (c)

If ¢ is a constant in a continuous probability
distribution, then p(x = ¢) is always equal to
(a) zero (b) one
(c) negative (d) does not exist

E[X—E(X)] is equal to

(a) E(X) (b) V(X)
©0 d) E(X)-X
E[x-ECO] is

(a) E(X) (b) E(X?)
() V(X) (d) S$.D(X)

If the random variable takes negative
values, then the negative values will have

(a) positive probabilities

- 142 I 12" Std. Business Mathematics and Statistics

16.

17.

18.

19.

20.

(b) negative probabilities
(c) constant probabilities
(d) difficult to tell

If we have f(x)=2x,0<x<1, then f(x)
isa

(a) probability distribution

(b) probability density function

(c) distribution function

(d) continuous random variable

T f(x)dx is always equal to

—oo

(a) zero (b) one

(0) E(X) (d) fx)+1

A listing of all the outcomes of an
experiment and the probability associated
with each outcome is called

(a) probability distribution

(b) probability density function
(c) attributes

(d) distribution function

Which one is not an example of random
experiment?

(a) A coin is tossed and the outcome is
either a head or a tail

(b) A six-sided die is rolled

(c) Some number of persons will be
admitted to a hospital emergency
room during any hour.

(d) Allmedical insurance claims received
by a company in a given year.

A set of numerical values assigned to a
sample space is called

(a) random sample
(b) random variable
(c) random numbers

(d) random experiment
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21.

22.
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A variable which can assume finite or
countably infinite number of values is

known as
(a) continuous (b) discrete
(c) qualitative (d) none of them

The probability function of a random
variable is defined as

X=x -1 -2 0 1 2

23.

24,

25.

26.

P(x) k 2k 3k 4k 5k

Then k is equal to
(a) zero b L
1 4
(c) — (d) one
15 )
If P(x)zﬁ’ x =10, then E(X) is
(a) zero (b) g
(o)1 (d) -1

A discrete probability function p(x) is
always

(a) non-negative (b) negative
(c) one (d) zero

In a discrete probability distribution the
sum of all the probabilities is always equal
to

(a) zero
(b) one
(c) minimum
(d) maximum

An expected value of a random variable is
equal to it’s

(a) variance
(b) standard deviation
(c) mean

(d) covariance

27.

28.

29.

30.

2.

A discrete probability function p(x) is
always non-negative and always lies

between
(a) 0 and = (b)O0and 1
(c) -1and +1 (d) —c and +oo

The probability density function p(x)
cannot exceed

(a) zero (b) one

(c) mean (d) infinity

The height of persons in a country is a
random variable of the type

(a) discrete random variable
(b) continuous random variable
(c) both (a) and (b)
(d) neither (a) nor (b)
The distribution function F(x) is equal to
() P(X=x)
(b) P(X<x)
() P(X=x)
(d) all of these

Miscellaneous Problems

The probability function of a random
variable X is given by

1

—, forx=-2

o

1
p(x)=<Z’f0rx=0

1
—, forx=10
5 fe

0, elsewhere

Evaluate the following probabilities.

@ p(x<0) (i) p(x<0)

(i) P(|X|<2) (V) p(0<X<10)

Let Xbe a random variable with
cumulative distribution function
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0, if x<0

%,szSx<1

F(x)z<i+§,zfl£x<2

3
—+£,if2£x<3
4 12

1, for3<x.

(a) Compute: (i) p(1< X<2) and
(ii) P(X =3).

(b)Is X a discrete random variable?
Justify your answer.

The p.d.f. of X is defined as
k, for0<x<4
f (x) B {O, otherwise
Find the value of k and also find
P(2<X<4).

The probability distribution function of a
discrete random variable X is

2k, x=1
()= 3k, x=3
J)= 4k, x=5

0, otherwise
where k is some constant. Find (a) k and
(b) P(X>2).

The probability density function of a
continuous random variable X is

QB365 - Ouestio% Bank Software

a+bx*,0<x<1;
fx)= .
0, otherwise.

where a and b are some constants. Find (i)

aand b if E(X) zg (ii) Var(X).

6. Prove thatif E(X) =0, then
V(X) = E(X 2).

7. What is the expected value of a game that
works as follows: I flip a coin and, if tails
you pay X 2; if heads you pay X 1. In either
case I also pay you X 0.50

8. Prove that, (i) v(ax)=a?Vv(X) and
(i) V(X +b)= V(X)

9. Consider a random variable X with p.d.f

3x%, if 0< x <1
x)=
f {0,otherwise
Find E(X) and V(3X-2).

10. The time to failure in thousands of
hours of an important piece of electronic
equipment used in a manufactured DVD
player has the density function

27, x>0
x)=
A {O, otherwise
Find the expected life of this piece of
equipment.

A variable which can assume finite number of possible values or an infinite sequence of
countable real numbers is called a discrete random variable.

Probability mass function (p.m.f.)

P(X=x,)=p,=p(x;) if x=x,,i=12,...,n,...

Py (x)=p(x)= Q
Conditions:

e p(x,)=0Viand

° zp('xi)zl
i=1

- 144 I 12" Std. Business Mathematics and Statistics
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® Discrete distribution function (d.f.):
FX(x)=P(XSx)forallxeR
i.e.Fy ()= p(x;)

X;<x

® A random variable X which can take on any value (integral as well as fraction) in the interval
is called continuous random variable.

® Probability density function (p.d.f.)

The probability that a random variable X takes a value in the (open or closed) interval [¢,,¢,]
is given by the integral of a function called the probability density function f, (x)

P(t, <X St2)=ffx(x)dx

Other names that are used instead of probability density function include density function,
continuous probability function, integrating density function.

Conditions:

® f(x)=0V«x
° Tf(x)dx=l

® ® Continuous distribution function @&
If X is a continuous random variable with the probability density function f, (x), then the

function F, (x)is defined by

F,(x)=P[X < x]= j fy(B)dt,—o0 < x < o0

is called the distribution function (d.f) or sometimes the cumulative distribution function
(c.d.f) of the random variable X .

® Properties of cumulative distribution function (c.d.f.)
The function F, (X) or simply F(X) has the following properties
(i) 0SF(x)<1l,—o<x<oo
(ii) F(—oo)= lim F(x)=0,and F(+o)= lim F(x)=1.
X—>—oc0 X—>00

(iii) F(-) is a monotone, non-decreasing function; that is, F(a)<F(b) for a<b.

(iv) F(:) is continuous from the right; that is, lim F(x+h)= F(x).
h—0

(v) F'(x):iF(x)zf(x)ZO
dx

Random Variable and Mathematical Expectation I 145 -
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(vi) F'(x)= %F(x) = f(x)=dF(x)= f(x)dx

(vii) gF(x) is known as probability differential of X .

(vili) P(a<x<b)= jf(x)dx = j- f(x)dx — j f(x)dx
=P(X<b)-B(X<a) ~
= F(b)— F(a)
Mathematical Expectation
The expected value is a weighted average of the values of a random variable may assume.
Discrete random variable with probability mass function (p.m.f.)
E(X)=Y xp(x)

Continuous random variable with probability density function

E(X)= ]: x f(x)dx

The mean or expected value of X, denoted by @, or E(X).
The variance is a weighted average of the squared deviations of a random variable from its
mean.

Var(X)= Z [x - E(X)]zp(x)

if X is discrete random variable with probability mass function p(x).

Var(X)= [ [ X=EX)] fy(x)dx
if X is continuous random variable with probability density function f, (x).
Expected value of [X ~E(X)]* is called the variance of the random variable.
ie,Var(X) =E[X - E(X)[ :E(Xz)— [ECO)

z x* p(x), if Xis Discrete Random Variable

whereE(XZ): N
J. x” f(x)dx, if Xis Continuous Random Variable

—oco

If Xis a random variable, the standard deviation of X, denoted by o, is defined as

+Jvarlx].
The variance of X , denoted by sz or Var(X)or V(X).
Properties of Mathematical expectation
(i) E(a)=a, where ‘a’is a constant
(i) E(aX)=aE(X)
(iii) E(aX+b)=aE(X)+b,where ‘@’ and ‘b’ are constants.

- 146 I 12" Std. Business Mathematics and Statistics
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(iv) If X=0,then E(X)=0
(V) V(a)=0
(vi) If X is random variable, then V(aX+b)=a’V(X)

® Raw moments
z x"p(x), fordiscrete
X

' =E(X")=X »
i ( ) J.xrf(x)dx, for continuous

® Central Moments
¢ = E[(X-0,)]
¢, = E(X) = ¢, the mean of X.
¢, = E[X-¢,] =0.
¢,=E [(X—(pX)Z], the variance of X .

GLOSSARY (seme0&aismmaer)

Absolutely Convergent WO &6Sed EUIeOL|emL LI
Biased hbBlemeowiHn

@ Central moments emLOWIHlemed 6XleD&EHLI OILIHHEHLD @
Continuous distribution function OSTLTFSLITEOT LIT6u6d &L
Continuous random variable QSMLIT&SIITe0T FLoGUMLILIL oM
Cumulative Soer, Gelbs
Discrete distribution function eBMLFFHWHD LT STl
Discrete random variable OBTLFSFAWDHMD FLoeumiiiL] oms]
Distribution function LTeued Sy
Event Hl&Lpey, HlaLp&d
Expectation TETLIMT SBH6D
Expected value THTUNT H5HSHSHHE LOFHIIL / 6TSITUMT SHSH60 LoHILIL]
Mathematical expectation &HE0UTHENLIED 6TEITLIMT 556D
Mean grmnarl
Moments 0S5 CILIIHHBRIBET
Probability function Bless6& S
Probability mass function BaDs&6)Y Hlenmé L
Random variable gloeumiirn oms
Standard deviation S L elevdaid, Hliogsmiiey
Unbiased H(bIBlemeDLLITE0T
Urn S (HEMEY, HEDFLD
Variance LOMMUITL (b SieTemex / LITeuLIL
Weighted average Hlewmé srmaifl
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Introduction

he frequency distributions

are of two types namely Observed

frequencydistributionand Theoretical frequency
distribution. The distributions which are based on actual data or

Probability
Distributions

experimentation are called the Observed Frequency distribution. On
the other hand, the distributions based on expectations on the basis
of past experience are known as Theoretical Frequency distribution
or Probability distribution.

Johann Carl Friedrich Gauss (30 April 1777 - 23 February 1855)

was a German mathematician and physicist who made significant

contributions to many fields in mathematics and sciences. Gauss had an exceptional influence in many
fields of mathematics and science, and is ranked among history’s most influential mathematicians

® In discrete probability distribution we will discuss Binomial and Poisson distribution and the ®

Normal Distribution is a continuous probability distribution

< @” Learning Objectives

After studying this chapter students are able to understand

Concept of Bernoulli trial

Binomial , poisson and normal density function

Mean and variance of binomial and poisson distribution

Properties of normal probability curve

7.1 Distribution

The following are the two types of

Theoretical distributions :

1. Discrete distribution

2. Continous distribution

‘ ‘ XII Std - Business Maths & Stat EM Chapter 7.indd 149

Discrete distribution

The binomial and Poisson distributions
are the most useful theoretical distributions for

discrete variables.
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7.1.1 Binomial distribution

Binomial distribution was discovered by
James Bernoulli(1654-1705) in the year 1700
and was first published posthumously in 1713,
eight years after his death.

A random experiment whose outcomes
are of two types namely success S and failure F,
occurring with probabilities p and q respectively,
is called a Bernoulli trial.

Some examples of Bernoulli trials are :
(i) Tossing of a coin (Head or tail)

(ii) Throwing of a die (getting even or
odd number)

Consider a set of n independent
Bernoullian trails (# being finite) in which the
probability ‘p’ of success in any trial is constant
, then g = 1-p , is the probability of failure. The
probability of x successes and consequently
(n-x) failures in n independent trials, in a
specified order (say) SSESFFFS....FSF is given
in the compound probability theorem by the

expression
P(SSESFFES.....ESF) = P(S)P(S)P(F)P(S)...
P(F)P(S)P(F)
=p.p.g.p ... 4.p-q

=p.p.pp...9.99.9.9.9 ..
= {x factors} {(n-x) factors}

= piq"
x successes in n trials can occur in an
ways and the probability for each of these ways

is same namely p*q" " .

The probability distribution of the number
of successes, so obtained is called the binomial
probability distribution and the binomial
expansion is (g + p)"

- 150 I 12" Std. Business Mathematics and Statistics

Definition 7.1

A random variable X is said to follow
binomial distribution with parameter n and
p, if it assumes only non- negative value and
its probability mass function in given by

X _Nn—x

”Cxp q " ,x=0,12,...m;q=1-p
P(X=x)=px)=10 , otherwise

Any random variable which
follows binomial distribution is known
as binomial variate i.e X ~ B(n,p) is a
binomial variate.

The Binomial distribution can be used under
the following conditions :

1. The number of trials ‘n’ finite
2. The trials are independent of each other.

3. The probability of success ‘p’ is constant for
each trial.

4.In every trial there are only two possible
outcomes - success or failure.

Derivation of the Mean and Variance of
Binomial distribution :

The mean of the binomial distribution
“ n X _n—x

E(X) = Zx P q
x=0 x

_ C n n—1 x=1_n—x
=p ;x-[x)(x_l)p q

[since p+q = 1]

E(X)=np

~. The mean of the binomial distribution
is np

Var (X) = EX?) - {EX)}*
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Here  EOO)- Z U g
é{x(x 1)+ x}(Z] g
=j{x(x_1)}@ i Zx@ o
S x(x-1)1p? H_?J [ zJ i
o

n (-
=n(n—1)p2{xgz(x_ J 2ghEY 4 mp
= n(n-1)p*(q+p)" > + n
= n(n-1)p*+ np
- Variance = E(X°) - {E(X)}?
=n’p’ - np’ + np - n’p’
= np(1-p) = npq

Hence, mean of the BD is np and the
Variance is npq.

Mean and variance in terms of raw

moments and central moments are
7 .

denoted as p’ , and p_ respectively.

Properties of Binomial distribution

1. Binomial distribution is symmetrical if p
=g = 0.5. It is skew symmetric if p # q.
It is positively skewed if p < 0.5 and it is
negatively skewed if p > 0.5

2. For Binomial distribution, variance is less
than mean

Variance npq = (np)q < np

Example 7.1

A and B play a game in which their chance
of winning are in the ratio 3:2 Find A’s chance
of winning atleast three games out of five games
played.

Soltion:

Let ‘p’ be the probability that ‘A’ wins the
game. Then we are given n =5, p = 3/5,

1 2(' 1-p)
=1- — = — (sinceg=1-
q 5 & q p

Hence by binomial probability law, the
probability that out of the 5 games played, A
wins ‘x” games is given by

P(X=x) = p(x)= 5Cx(§)x (%)H

The required probability that ‘A’ wins
atleast three games is given by

P(X23)=P(X=3)+P(X=4)+P(X=5)

LRSI

Example 7.2

A fair coin is tossed 6 times. Find the
probability that exactly 2 heads occurs.

Solution :

Let X be a random variable follows
binomial distribution with probability value
p=1/2andgq=1/2

Probability that exactly 2 heads occur are
as follows

I ( Jpan :
asbitl
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Example 7.3
Verfy the following statement:

The mean of a Binomial distribution is 12
and its standard deviation is 4.

Solution:
Mean: np = 12
SD = \/npq =4
123
npg=4>=16 , B
npg 16 4
=>q="9, >1

Since p + g cannot be greater than unity,
the Statement is wrong

Example 7.4

The probability that a student get the
degree is 0.4 Determine the probability that out
of 5 students (i) one will be graduate (ii) atleast
one will be graduate

Solution:
Probability of getting a degree p=0.4
q=1-p
=1-04
=0.6
(i) P (one will be a graduate) = P(X = 1)
=5C, (04)(0.6)"
=0.2592

(ii) P ( atleast one will be a graduate)
= 1-P (none will be a graduate)

=1-5C,(P")(q)""
=1-5C,(0.4)°(0.6)°

=1-0.0777
=0.9222

Example 7.5

In tossing of a five fair coin, find the
chance of getting exactly 3 heads.

- 152 I 12" Std. Business Mathematics and Statistics
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Solution :

Let X be a random variable follows
binomial distribution with p = g =1/2

P (3 heads) ZSCx( %) ( %)S_X
-5 4] 4)”
-5 (]

Example 7.6

The mean of Binomials distribution is 20
and standard deviation is 4. Find the parameters
of the distribution.

Solution

The parameters of Binomial distribution
are n and p

For Binomial distribution Mean = np =20

Standard deviation = \/npq =4
npq =16

= npqg/np =16/20= 4/5

q="%

= p=1l-q=1-(4/5=1/5

Since np =20
20
n=—
p
n=100
Example 7.7

If x is a binomially distributed random

variable with E(x) =2 and van (x) = A .
Find P(x =5)
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Solution:

The p.m.f. Binomial distribution is

p(x) — I’lepX qn—x
Given that E(x) =2

For the Binomial distribution mean is
given by np =2 . (1)

Given that var (x) =4/3

For Binomial distribution wvariance is

given by npg= % . (2)

(2) __npq _(g)_ 4_2

HO=7p =5 673
q=2/3 andp=1-2/3=1/3
Substitute in (1) we get

n==6

1 5 2 6-5
Hence, P(X=5) = 6C; (5) (5) =0.0108

Example 7.8

If the average rain falls on 9 days in every
thirty days, find the probability that rain will fall
on atleast two days of a given week.

Solution :

Probability of raining on a particular day
is given by p = 9/30 = 3/10 and

q= 1-p=7/10.

The binomial distribution is
P(X: x) — anpX qn—x

There are 7 days in a week,

P(X = x) = @(%)(%]7

The probability of raining for atleast 2
days is given by

P(X22)=1-P(X<2)

=1-[P(X=0)+P(X=1)]

e oo ()

=0.0823

and  P(X=1)= (z)(%)(%]H

=0.2471

Therefore the required probability
=1-[P(x=0) +P(x = 1)]
=1-{0.082+ 0.247]
=0.6706

Example 7.9

What is the probability of guessing
correctly atleast six of the ten answers in a
TRUE/FALSE objective test?

Solution :

Probability p of guessing an answer

correctly is p =

N|= =

= q=

Probability of guessing correctly x answers
in 10 questions

PX=x)=px)="C, p*"q"™"
x 10—x
= 10Cx (L
2 2
The required probability P(X > 6)

= P(6) + P(7) + P(8) + P(9) + P(10)

10
1
= (5) [10C, +10C, +10C, +10C, +10C,, ]

1024

193
= 512

= [L}[210+120+4S+10+1]
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Example 7.10

If the chance of running a bus service
according to schedule is 0.8, calculate
the probability on a day schedule with 10
services : (i) exactly one is late (ii) atleast one
is late

Solution :

Probability of bus running late is denoted
asp=1-0.8=0.2

Probability of bus running according to
the schedule is g = 0.8

Also given that n = 10

The binomial distribution is

10—x

p(x) = 10C_(0.2)" (0.8)

(i) probability that exactly one is late
P(x=1) = 10C, pq’

- 10C, (0.2)(0.8)’

(ii) probability that at least one is late
= 1 - probability that none is late
=1-p(x=0)
=1-(0.8)"°

Example 7.11

The sum and product of the mean and
variance of a binomial distribution are 24 and
128. Find the distribution.

Solution:
For binomial distribution the mean is np
and varaiance is npq

Given values are
np+npq=24 np(l+q)=24 - (1)

Other term
np x npqg =128 n’p’q=128 - (2)

- 154 I 12" Std. Business Mathematics and Statistics

From (1) we get np=24/(1+q) which
implies nzp2 = (24/(1+q))2

Substitute this value in equation (2) we
get

2

24

(1—) g = 128 which implies 9q = 2(1+2g+q’)
+q

(29-1)(q-2)=0

1 1

Wh =—andp= -

ereq = an p >
Substitute in (1) we get n = 32

Hence the binomial distribution
1 X 1 32—x
25 5)
2 2

Example 7.12

Suppose A and B are two equally strong
table tennis players. Which of the following two
events is more probable:

(a) A beats B exactly in 3 games out of 4 or
(b) A beats B exactly in 5 games out of 8 ?

Solution :

Herep=q=1/2

(a) probability of A beating B in exactly 3
games out of 4

i

(b) probability of A beating B in exactly 5
games out of 8

(2}7@5 3

=33 = 21.875%

Clearly, the first event is more probable.
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Example 7.13

A pair of dice is thrown 4 times. If getting

a doublet is considered a success, find the

probability of 2 successes.

Solution :

In a throw of a pair of dice the doublets

are (1,1) (2,2) (3,3) (4,4) (5,5) (6,6)

are

Probability of getting a doublet
p=6/36=1/6
= q=1-p=>5/6 and also n = 4 is given

The probabitliy of successes

-[JI

Therefore the probability of 2 successes

* Exercise 7.1

Define Binomial distribution.
Define Bernoulli trials.

Derive the mean and variance of binomial
distribution.

Write down the conditions for which the
binomial distribution can be used.

Mention the properties of binomial
distribution.

If 5% of the items produced turn out to
be defective, then find out the probability
that out of 20 items selected at random
there are

(i) exactly three defectives

QB365 - Ouestio% Bank Software

10.

11.

12.

(ii) atleast two defectives
(iii) exactly 4 defectives
(iv) find the mean and variance

In a particular university 40% of the
students are having news paper reading
habit. Nine university students are
selected to find their views on reading
habit. Find the probability that

(i) none of those selected have news paper
reading habit

(ii) all those selected have news paper
reading habit

(iii) atleast two third have news paper
reading habit.

In a family of 3 children, what is the
probability that there will be exactly 2
girls?

Defects in yarn manufactured by a local
mill can be approximated by a distribution
with a mean of 1.2 defects for every 6
metres of length. If lengths of 6 metres
are to be inspected, find the probability of
less than 2 defects.

If 18% of the bolts produced by a machine
are defective, determine the probability
that out of the 4 bolts chosen at random

(i) exactly one will be defective
(ii) none will be defective
(iii) atmost 2 will be defective

If the probability of success is 0.09,
how many trials are needed to have a
probability of atleast one success as 1/3 or
more ?

Among 28 professors of a certain
department, 18 drive foreign cars and
10 drive local made cars. If 5 of these
professors are selected at random, what is
the probability that atleast 3 of them drive
foreign cars?
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15.

16.

17.

18.

19.

20.
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Out of 750 families with 4 children each,
how many families would be expected to
have (i) atleast one boy (ii) atmost 2 girls
(iii) and children of both sexes? Assume
equal probabilities for boys and girls.

Forty percent of business travellers carry
a laptop. In a sample of 15 business
travelers,

(i) what is the probability that 3 will have
a laptop?

(ii) what is the probability that 12 of the
travelers will not have a laptop?

(iii) what is the probability that atleast
three of the travelers have a laptop?

A pair of dice is thrown 4 times. If getting
a doublet is considered a success, find the
probability of 2 successes.

The mean of a binomial distribution is 5
and standard deviation is 2. Determine
the distribution.

Determine the binomial distribution for
which the mean is 4 and variance 3. Also
find P(X=15)

Assume that a drug causes a serious side
effect at a rate of three patients per one
hundred. What is the probability that
atleast one person will have side effects
in a random sample of ten patients taking
the drug?

Consider five mice from the same litter,
all suffering from Vitamin A deficiency.
They are fed a certain dose of carrots. The
positive reaction means recovery from the
disease. Assume that the probability of
recovery is 0.73. What is the probability
that atleast 3 of the 5 mice recover.

An experiment succeeds twice as often as
it fails, what is the probability that in next
five trials there will be (i) three successes
and (ii) at least three successes

- 156 I 12" Std. Business Mathematics and Statistics
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7.1.2 Poisson Distribution

Poisson distribution was derived in 1837
by a French Mathematician Simeon D. Poisson.
If n is large, the evaluation of the binomial
probabilities can involve complex computations,
in such a case, a simple approximation to
the binomial probabilities could be use. Such
approximation of binomial when nislargeandp
is close to zero is called the Poisson distribution.

Poisson distribution occurs when there
are events which do not occur as a definite
number on trials but an events occurs rarely
and the following examples may be analysed:

(i) Number of bacteria in one cubic
centimeter.

(ii) Number of printing mistakes per
page in a text book

(iii) the number of alpha particles
emitted by a radioactive substance
in a fraction of a second.

(iv) Number of road accidents occurring
at a particular interval of time per
day.

Number of lightnings per second.

Poisson distribution is a limiting case
of binomial distribution under the following
conditions :

(i) n, the number of trials is indefinitely
largei.e n—oo.

(ii) p, the constant probability of success
in each trial is very small, i.e. p—0
e A
(iii) np= A is finite. Thus p=— and
A n
q=1- (—) where A\ is a positive
n

real number.
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Definition 7.2

A random variable X is said to follow
a Poission distribution with parameter A if
it assumes only non-negative values and its

=Nete + =N+

Variance (X) = E(X?) - [E(X)]?

probability mass function is given by
P(x,\) = P(X=x)
e\

= x!
0 otherwise

Derivation of Mean and variance of

Poisson distribution

Mean E(X) = ixp(x,)\)
x=0
oo e—A)\x
= X
=0

x!

® =Xe ML+N+A2! +......

=de e
=\

Variance (X) = E(X%) - [E(X)]?

Here E(X?) = ixzp(x,)\)
=0

- > p(x)
x=0

[eS)

= 2{x(x—1)+x}p(x,)\)

x=0
) —/\)\x
= xzzo{x(x—l)+x}e "

_ A 1Y\l . AT
=e Zx(x 1) N/x! +2xe .
x=0 x=0

=>\2e*i A +A
x=2(x_2)!

, x=0,1,2......;A>0

=N +A-(\)?
=\
Properties of Poisson distribution :

1. Poisson distribution is the only
distribution in which the mean and
variance are equal .

Example 7.14

In a Poisson distribution the first
probability term is 0.2725. Find the next
Probability term

Solution :
Given that p(0) =0.2725
—A\ 0
¢ f‘ ~0.2725
-\ _
=e " =0.2725

(by using exponent table)

A=13
~p(X=1)=e"?(13)/1!
= e "(1.3)
=0.2725x 1.3

=0.3543

Example 7.15

In abook of 520 pages, 390 typo-graphical
errors occur. Assuming Poisson law for the
number of errors per page, find the probability
that a random sample of 5 pages will contain no
error.
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Solution :

The average number of typographical
errors per page in the book is given by

A= (390/520) = 0.75.

Hence using Poisson probability law, the
probability of x errors per page is given by

e\ 075 (0.75)"

P(X=x)=
x! x!

,x=0,1,2,...

The required probability that a random
sample of 5 pages will contain no error is given by :

[P(X=0)]’ = (6—0-75 )5 _ 375

Example 7.16

An insurance company has discovered
that only about 0.1 per cent of the population is
involved in a certain type of accident each year.
If its 10,000 policy holders were randomly
selected from the population, what is the
probability that not more than 5 of its clients are

involved in such an accident next year?
(€% =.000045)

Solution :

p = probability that a person will involve
in an accident in a year

=0.1/100 = 1/1000
given n = 10,000
$0, A=np= 10000(10100> =10

Probability that not more than 5 will
involve in such an accident in a year

P(X <5) =P(X=0)+P(X=1)+P(X=2)+P(X=3)+
P(X=4)+P(X=5)
10 10° 10° 10* 10°

—e 1l —+—F+—+—+—]
o2t 3t 4! 5!

=0.06651
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Example 7.17

One fifth percent of the the blades
produced by a blade manufacturing factory
turn out to be defective. The blades are supplied
in packets of 10. Use Poisson distribution to
calculate the approximate number of packets
containing no defective, one defective and two
defective blades respectively in a consignment
of 1,00,000 packets (e % =.9802).

Solution :

P=1/5/100=1/500=0.002 n=10 . A=np=0.02
A\ X —-0.02 X
e\ e%(0.02)
(i) Number of packets containing no defective
= N x p(o) =1,00,000 x e
=98020

x! x!

(ii) Number of packets containing one defective
=N x p(1) =1,00,000 x 0.9802 x 0.02

=1960

(iii) Number of packets containing 2 defectives
= Nxp(2) =20

Example 7.18

If the probability that an individual suffers
a bad reaction from injection of a given serum
is 0.001, determines the probability that out of
2,000 individuals (a) exactly 3 and (b) more
than 2 individuals will suffer a bad reaction.

Solution :

Consider a 2,000 individuals getting
injection of a given serum , n = 2000

Let X be the number of individuals
suffering a bad reaction.

Let p be the probability that an individual
suffers a bad reaction = 0.001

and g =1-p=1-0.001 = 0.999
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Since n is large and p is small, Binomial
Distribtuion  approximated to  poisson
distribution

So, A=mnp=2000x0.001 =2

(i) Probability out of 2000, exactly 3 will
suffer a bad reaction is

e '\ ~ e 22?
x!
(ii) Probability out of 2000, more than 2
individuals will suffer a bad reaction

P(X=3)= =0.1804

=P(X>2)
=1- [(P(X £2)]
=1-[P(x=0)+P(x=1)+ P(x=2)]

e—2 20 e—2 21 6_2 22
+ -
0! 1! 2!
21

I
—
|

Il

p—

|

ml

[\
VR
2%
+

—

= |
|8,
N—o

Il
e
0
e
w

Example 7.19

When counting red blood cells, a square
grid is used, over which a drop of blood is
evenly distributed. Under the microscope an
average of 8 erythrocytes are observed per single
square. What is the probability that exactly 5
erythrocytes are found in one square?

Solution :

Let X be arandom variable follows poisson
distribution with number of erythrocytes.

Hence, Mean A = 8 erythrocytes/single
square

P(exactly 5 erythrocytes are in one square)

_ P(X: 5) _ e—)\)\x _ e—885

x! 5!
~0.000335x 32768
B 120

=0.0916

QB365 - Ouestio% Bank Software

The probability that exactly 5
erythrocytes are found in one square is 0.0916.
ie there are 9.16% chances that exactly 5
erythrocytes are found in one square.

Example 7.20

Assuming one in 80 births is a case of
twins, calculate the probability of 2 or more sets
of twins on a day when 30 births occur.

Solution :

Let x denotes the set of twins on a day
P(twin birth) = p = 1/80 = 0.0125 and n = 30
The value of mean A = np = 30 x 0.0125 = 0.375

Hence, X follows poisson distribution with

A\ X
e A
px) =
x!
The probability is

P(2ormore)=1-[p(x=0)+p (x=1)]

e*¥(0.375) 7 (0.375)
= 0! ! 1!

[1+0.375]

-0.375
=1-e

= 1- (0.6873 x 1.375)
=0.055

* Exercise 7.2

1. Define Poisson distribution.

2. Write any 2 examples for Poisson
distribution.

3. Write the conditions for which the poisson
distribution is a limiting case of binomial
distribution.

4. Derive the mean and variance of poisson
distribution.

5. Mention the properties of poisson
distribution.

6. 'The mortality rate for a certain disease is
7 in 1000. What is the probability for just
2 deaths on account of this disease in a
group of 400? [Given ¥ = 0.06]
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7. It is given that 5% of the electric bulbs
manufactured by a company are defective.
Using poisson distribution find the
probability that a sample of 120 bulbs will
contain no defective bulb.

8. Acarhiringfirm hastwo cars. Thedemand
for cars on each day is distributed as a
Poisson variate, with mean 1.5. Calculate
the proportion of days on which

(i) Neither car is used
(ii) Some demand is refused

9. The average number of phone calls
per minute into the switch board of a
company between 10.00 am and 2.30 pm
is 2.5. Find the probability that during
one particular minute there will be (i) no
phone atall (ii) exactly 3 calls (iii) atleast
5 calls

10. The distribution of the number of road
accidents per day in a city is poisson with
mean 4. Find the number of days out of
100 days when there will be (i) no accident
(ii) atleast 2 accidents and (iii) at most 3
accidents.

11. Assuming thata fatal accident in a factory
during the year is 1/1200, calculate the
probability that in a factory employing
300 workers there will be atleast two fatal
accidents in a year. (given e > = 0.7788)

12. 'The average number of customers, who
appear in a counter of a certain bank per
minute is two. Find the probability that
during a given minute (i) No customer
appears (ii) three or more customers
appear .

Continuous distribtuion

The binomial and Poisson distributions
discussed in the previous chapters are the most
useful theoretical distributions for discrete
variables. In order to have mathematical
distributions suitable for dealing with quantities
whose magnitudes vary continuously like weight,

- 160 I 12" Std. Business Mathematics and Statistics

heights of individual, a continuous distribution
is needed. Normal distribution is one of the
most widely used continuous distribution.

Normal distribution is the most important
and powerful of all the distribution in statistics.
It was first introduced by De Moivre in 1733
in the development of probability. Laplace
(1749-1827) and Gauss (1827-1855) were also
associated with the development of Normal
distribution.

7.1.3 Normal Ditribution

Definition 7.3

A random variable X is said to follow a
normal distribution with parameters mean
u and variance o” , if its probability density

function is given by

el

—00 < x < 0,

f(x:/u7 0) =

—o0 < (X< 0,
o>0

Normal distribution is diagrammatically
represented as follows :

Highest point of curve
Downward cup

Upward cup Upward cup

n—3c p—26 p-o p+o p+2c p+3c
Normal curve
Fig 7.1
Normal distribution is a limiting case
of binomial distribution under the following

conditions:
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(i) n, the number of trials is infinitely
large, i.e. n—> oo

(ii) neither p (nor q) is very small,

The normal distribution of a variable
when represented graphically, takes the shape
of a symmetrical curve, known as the Normal
Curve. The curve is asymptotic to x-axis on its
either side.

Chief Characterisitics or Properties of
Normal Probabilty distribution and Normal
probability Curve .

The normal probability curve with mean
u and standard deviation o has the following
properties :

(i) the curve is bell- shaped and
symmetrical about the line x=y

(ii) Mean, median and mode of the
distribution coincide.

(iii) x - axis is an asymptote to the curve.
( tails of the cuve never touches the
horizontal (x) axis)

(iv) No portion of the curve lies below the
x-axis as f (x) being the probability
function can never be negative.

Inflection points

1
1
1
1
1
} ]
Ll

Ll Ll Ll Ll
pn-3cu-2c H-O i pt+to p+2c u+36x
Fig 7.2

(v) The Points of inflexion of the curve
are x=puto

(vi) The curve of a normal distribution has
a single peak i.e it is a unimodal.

(vii) As x increases numerically, f (x)
decreases rapidly, the maximum

QB365 - Ouestio% Bank Software

probability occurring at the point x
p and is given by [p(x)]max =

1/oV\2r

(viii) The total area under the normal curve
is equal to unity and the percentage
distribution of area under the normal
curve is given below

(a) About 68.27% of the area falls between
H-oandp+o

Plu-o<X<p+o0)=0.6826

(b) About 95.5% of the area falls
between u - 20 and p + 20

P(p-20<X<p+20)=0.9544

(c) About 99.7% of the area falls
between p- 30 and p+ 30

P(u-30<X<pu+30) =0.9973

flx) A

h30, 20 0T K .
Pl ee827%s
D e——95.45%——»
99,739
32 -1 z=0 1 2 3

Fig 7.3

Standard Normal Distribution

A random variable Z = (X-p)/o follows
the standard normal distribution. Z is called
the standard normal variate with mean 0
and standard deviation 1 i.e Z ~ N(0,1). Its
Probability density function is given by :

o(0)=pmet
= —00 < Z< oo
21
1. The area under the standard normal curve

is equal to 1.
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2. 68.26% of the area under the standard
normal curve lies between z=-1and Z =1

3. 95.44% of the area lies between Z = -2

andZ =2

4, 99.74% of the area lies between Z = -3
and Z =3

Example 7.21

What is the probability that a standard
normal variate Z will be

(i) greater than 1.09

(ii) less than -1.65
(iii) lying between -1.00 and 1.96
(iv) lying between 1.25 and 2.75

Solution :

(i) greater than 1.09

The total area under the curve is equal
to 1, so that the total area to the right
Z = 0 is 0.5 (since the curve is
symmetrical). The area between Z =0
and 1.09 (from tables) is 0.3621

P(Z>1.09)=0.5000 - 0.3621 = 0.1379

The shaded area to the right of
Z = 1.09 is the probability that Z will
be greater than 1.09

(ii) lessthan -1.65

The area between -1.65 and 0 is
the same as area between 0 and 1.65.
In the table the area between zero

- 162 I 12" Std. Business Mathematics and Statistics
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and 1.65 is 0.4505 (from the table).
Since the area to the left of zero is 0.5,
P(Z< 1.65) =0.5000 - 0.4505 = 0.0495.

z=-1.652=0
Fig 7.5

(iii) lying between -1.00 and 1.96

The probability that the random
variable Z in between -1.00 and 1.96
is found by adding the corresponding
areas :

Z=-1.00 Z=0 Z=1.96

Fig 7.6

Area between -1.00 and 1.96
= area between (-1.00 and 0) + area
betwn (0 and 1.96)

P(-1.00 < Z < 1.96) = P(~1.00 < Z < 0) +
P(0<Z < 1.96)

=0.3413 + 0.4750 (by tables)
=0.8163
(iv) lying between 1.25 and 2.75

Area between Z = 1.25 and 2.75
= area between (z =0 and z = 2.75)
— area between (z=0 and z = 1.25)
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z=125 2z=2.75
7.

N
I
P

Fi

N

P(1.25<Z <275 =P(0 < Z<2.75) -
P(0< Z<1.25)

=0.4970 - 0.3944 =0.1026

Example 7.22

If X is a normal variate with mean 30 and
SD 5. Find the probabilities that
(i) 26< X <40 (ii) X > 45

Solution :

Here mean p= 30 and
standard deviation o = 5

() WhenX=26 Z=(X-p)/o

=(26-30)/5 =-0.8

40-30
Andwhen X=40, Z= s =2

I

|

1

I

I

I

I

I

1
z=-0.82z=0 z=2.0

Fig 7.8

Therefore,
P(26<X<40)) =P(-0.8<Z<?2)
=P(-08<7<0)+p(0<Z<2)

=P(0<Z<08)+P0<Z<?2)

QB365 - Ouestio% Bank Software

= 0.2881 + 0.4772 (By tables)
= 0.7653

(ii) The probability that X>45

When X =45
X - 45-30
o 5
1
1
1
1
I
1
1
z=0 z=3.0
Fig 7.9
P(X>45) =P(Z =3)
=0.5 - 0.49865
= 0.00135 @&
Example 7.23

The average daily sale of 550 branch offices
was X 150 thousand and standard deviation is X
15 thousand. Assuming the distribution to be
normal, indicate how many branches have sales
between

(i) 1,25,000 and ¥ 1, 45, 000
(ii) ¥ 1,40,000 and X 1,60,000
Solution :

Given that mean p= 150 and standard
deviation o= 15

(i) when X =125 thousand

X—p 125-150
o 15
When X = 145 thousand

Z: = —1667
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_ X-—p_145-150

o 15

Z -0.33

z=-1.62z=-0.33z=0
Fig 7.10

Area between Z =0 and Z = -1.67 is
0.4525

Area between Z = 0 and Z = -0.33 is
0.1293

P(-1.667 < Z <-0.33) = 0.4525 - 0.1293

=0.3232

Therefore the number of branches having
® sales between I 1,25,000 and ¥ 1,45,000 is
550 x 0.3232 = 178

(ii) When X = 140 thousand

X—p 140-150
o 15
When X = 160 thousand

Z= =-0.67

_ X—p_ 160-150

o 15

Z = 0.67

|
z=-0.67 2z=0 z=0.67

Fig 7.11

P(-0.67 < Z < 0.67)

=P(-0.67<Z<0)+P(0<Z<0.67)
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=P(0< Z<0.67)+P(0< Z<0.67)
= 2P(0<Z<<0.67)

= 2x0.2486

=0.4972

Therefore, the number of branches
having sales between X 1,40,000 and X 1,60,000
= 550 x0.4972 =273

Example 7.24

Assume the mean height of children to be
69.25 cm with a variance of 10.8 cm. How many
children in a school of 1,200 would you expect
to be over 74 cm tall?

Solution

Let the distribution of heights be normally
distributed with mean 68.22 and standard
deviation = 3.286

X—p  X-69.25
o 3.286

When X = 74
_ X—p 74-69.25
o 3286

7 =

Z = 1.4455

Now P(Z > 74) = P(Z > 1.44)
=0.5-0.4251
= 0.0749

Expected number of children to be over
74 cm out of 1200 children
= 1200 x 0.0749 = 90 children

i QB365 - Ouestio%g Bank Software
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Example 7.25

The marks obtained in a certain exam
follow normal distribution with mean 45
and SD 10. If 1,300 students appeared at the
examination, calculate the number of students
scoring (i) less than 35 marks and (ii) more
than 65 marks.

Solution :

Let X be the normal variate showing
the score of the candidate with mean 45 and
standard deviation 10.

(i) less than 35 marks

When X=35
X - —4
7= p_35-4
o 10
|
|
|
|
I
|
1
z=0 z=1.0
Fig 7.13

P(X<35)=P(Z<-1)

P(Z>1)=05-P(0<Z<1)
=0.5-0.3413
=0.1587

Expected number of students scoring less
than 35 marks are 0.1587 x 1300 = 206

(ii) more than 65 marks
When X=65

_X—p  65—45
o 10

Z

= 2.0

QB365 - Ouestio% Bank Software

P(X > 65)=P(Z>2.0)
0.5-P(0<Z<2.0)
0.5-0.4772

=0.0228

Expected number of students scoring
more than 65 marks are 0.0228 x 1300 = 30

Example 7.26

900 light bulbs with a mean life of 125
days are installed in a new factory. Their length
of life is normally distributed with a standard
deviation of 18 days. What is the expected
number of bulbs expire in less than 95 days?

Solution :

Let X be the normal variate of life of light
bulbs with mean 125 and standard deviation 18.

(i) less than 95 days

When X=95

_X—-p 95-125
o 18

Z = -1.667

Probability Distributions I 165 -
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P(X < 95) = P(Z < -1.667)
= P(Z > 1.667)
=0.5-P(0<Z<1.67)
= 0.5 - 0.4525

= 0.0475

No. of bulbs expected to expire
in less than 95 days out of 900 bulbs is
900 x .0475 = 43 bulbs

Example 7.27

Assume that the mean height of soldiers is
69.25 inches with a variance of 9.8 inches. How
many soldiers in a regiment of 6,000 would you
expect to be over 6 feet tall?

Solution :

Let X be the height of soldiers follows
normal distribution with mean 69.25 inches
and standard deviation 3.13. then the soldiers
over 6 feet tall (6ft x 12= 72 inches)

The standard normal variate

_X—p 72-69.25
o 3.13

Z

= 0.8786

P(X >72) = P(Z > 0.8786)

=0.5-P(0<Z<0.88)
=0.5-0.3106 =0.1894

Number of soldiers expected to be over
6 feet tall in 6000 are

6000 x 0.1894 =1136
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Example 7.28

A bank manager has observed that the
length of time the customers have to wait
for being attended by the teller is normally
distributed with mean time of 5 minutes and
standard deviation of 0.7 minutes. Find the
probability that a customer has to wait

(i) for less than 6 minutes
(ii) between 3.5 and 6.5 minutes
Solution :

Let X be the waiting time of a customer
in the queue and it is normally distributed with
mean 5 and SD 0.7.

(i) for less than 6 minutes

6-—5
=—— =14285
0.7

P(X<6) =P(Z<1.43)
=0.5+0.4236
=0.9236

(ii) between 3.5 and 6.5 minutes

When X =3.5
7= XTH 3575 5
o 0.7
When X =6.5
X - 5—
7= 'u=65 > = 2.1429
o 0.7
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1
z=-2.14 z=0 z=2.14

Fig 7.18

P(3.5<X<6.5)

= P (-2.1429 < Z < 2.1429)
=P(0<Z<2.1429) + P(0 < Z < 2.1429)
=2P(0<Z<2.1429)

=2 x .4838

= 0.9676

Example 7.29

® A sample of 125 dry battery cells tested
to find the length of life produced the following
resultd with mean 12 and SD 3 hours. Assuming
that the data to be normal distributed , what
percentage of battery cells are expected to have

life

(i) more than 13 hours

(ii) less than 5 hours

(iii) between 9 and 14 hours
Solution :

Let X denote the length of life of dry
battery cells follows normal distribution with
mean 12 and SD 3 hours

(i) more than 13 hours

P(X > 13)
When X=13
X - 13-12
g=2"H_ - 0.333
o

QB365 - Ouestio% Bank Software

z=0 z=0.33
Fig 7.19
P(X > 13) = P(Z>0.333) = 0.5 - 0.1293 = 0.3707

The expected battery cells life to have more
than 13 hours is 125 x 0.3707 =46.34%

(ii) less than 5 hours

P(X <5)
X—pu 5-12
When X=52=2_F_ = 2333

o
1
1
|
|
|
|
1
1

z=-233 z=0
Fig 7.20

P(X<5) =P(Z<-2.333) = P(Z > 2.333)
= 0.5 - 0.4901 = 0.0099

The expected battery cells life to have more
than 13 hours is 125 x 0.0099 =1.23%

(iii) between 9 and 14 hours

When X =9
X - 9-12
g2k _ -
o 3
When X = 14
X - 14-12
z=2"H_ — 0.667
o

|
Z= =l z=0 z=0.67

Fig 7.21
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P(9<X<14)=P(-1<Z<0.667)
=P(0<Z<1)+P(0<Z<0.667)
=0.3413 + 0.2486

=0.5899

The expected battery cells life to have more
than 13 hours is 125 x 0.5899 =73.73%

Example 7.30

Weights of fish caught by a traveler are
approximately normally distributed with a
mean weight of 2.25 kg and a standard deviation
of 0.25 kg. What percentage of fish weigh less
than 2 kg?

Solution :

We are given mean p = 2.25 and standard
deviation o = 0.25. Probability that weight of
fish is less than 2 kg is P(X < 2.0)

X—p 20-225
o 0.25
P(Z<-1.0)= P(Z>1.0) = 0.5 - 0.3413 =0.1587

Whenx=20 Z = -1.0

Therefore 15.87% of fishes weigh less than 2 kg.

Example 7.31

The average daily procurement of milk
by village society in 800 litres with a standard
deviation of 100 litres. Find out proportion of
societies procuring milk between 800 litres to
1000 litres per day.

Solution :

We are given mean p = 800 and standard
deviation o = 100. Probability that the
procurement of milk between 800 litres to 1000
litres per day is

P(800 < X < 1000) = P ( 8003800 cz< 1000 —800 )
100 100

=P(0<Z<2)=0.4772 (table value)

Therefore 47.75 percent of societies
procure milk between 800 litres to 1000 litres
per day.
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10.

* Exercise 7.3

Define Normal distribution.
Define Standard normal variate.

Write down the conditions in which the
Normal distribution is a limiting case of
binomial distribution.

Write down any five chief characteristics
of Normal probability curve.

In a test on 2,000 electric bulbs, it was
found that bulbs of a particular make, was
normally distributed with an average life
of 2,040 hours and standard deviation of
60 hours. Estimate the number of bulbs
likely to burn for (i) more than 2,150
hours (ii) less than 1,950 hours (iii) more
1,920 hours but less than 2,100 hours.

In a distribution 30% of the items are
under 50 and 10% are over 86. Find
the mean and standard deviation of the
distribution.

X is normally distributed with mean
12 and SD 4. Find P(X < 20) and
PO<X<12)

If the heights of 500 students are normally
distributed with mean 68.0 inches and
standard deviation 3.0 inches , how many
students have height (a) greater than 72
inches (b) less than or equal to 64 inches
(c) between 65 and 71 inches.

In a photographic process, the developing
time of prints may be looked upon as
a random variable having the normal
distribution with a mean of 16.28 seconds
and a standard deviation of 0.12 second.
Find the probability that it will take less
than 16.35 seconds to develop prints.

Time taken by a construction company
to construct a flyover is a normal variate
with mean 400 labour days and standard
deviationof100labourdays. Ifthecompany

QB365 - Ouestio%g Bank Software
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promises to construct the flyover in 450 5.

days or less and agree to pay a penalty of
%10,000 for each labour day spent in
excess of 450 days. What is the probability
that

(i) the company pays a penalty of atleast 6.

32,00,000?

(ii) the company takes at most 500 days to
complete the flyover?

* Exercise 7.4

Choose the correct Answer

1. Normal distribution was invented by 7.

(b) De-Moivre
(d) all the above

(a) Laplace

(c) Gauss

2. IfX ~N(9,81) the standard normal variate

Z will be
X -81 X-9 :
(a) Z= (b) Z=—— 8
81
X-9 9-X
Q) Z=—— d) Z=——
(c) 5 5

3. If Z is a standard normal variate, the
proportion of items lying between
Z=-0.5and Z=-3.01is

(a) 0.4987 (b) 0.1915
(c) 0.3072 (d) 0.3098
4. If X ~N(u, 0?), the maximum probability 9.

at the point of inflexion of normal
distribution is

1
e
s

In a parametric distribution the mean is
equal to variance is

(b) normal
(d) all the above

(a) binomial
(c) poisson
In turning out certain toys in a
manufacturing company, the average
number of defectives is 1%.  The

probability that the sample of 100 toys
there will be 3 defectives is

() 0.0613 (b) 0.613
(c) 0.00613 (d) 0.3913

The parameters of the normal distribution

) e—(x—lo)2
19 3 )

—oco< X < o0
(a) (10,6) (b) (10,36)
(c) (6,10) (d) (36,10)

A manufacturer produces switches and
experiences that 2 per cent switches
are defective. The probability that in a
box of 50 switches, there are atmost two
defective is :

(@)2.5¢"

(b) e

(c)2¢e! 2
(d) none of the above | R GE C ::: '1;

An experiment succeeds twice as often
as it fails. The chance that in the next six
trials, there shall be at least four successes
is
(a) 240/729
(c) 496/729

(b) 489/729
(d) 251/729
If for a binomial distribution B(n,p)

mean = 4 and variance = 4/3, the
probability, P(X > 5) is equal to

(a) (2/3)° (b) (2/3)°(1/3)
(c) (1/3)° (d) 4(2/3)°
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11. The average percentage of failure in a
certain examination is 40. The probability
that out of a group of 6 candidates atleast
4 passed in the examination are

(a) 0.5443 (b) 0.4543
(c) 0.5543 (d) 0.4573

12. Forty percent of the passengers who fly
on a certain route do not check in any
luggage. The planes on this route seat 15
passengers. For a full flight, what is the
mean of the number of passengers who
do not check in any luggage?

() 6.00 (b) 6.45
(c)7.20 (d) 7.50

13.  Which of the following statements is/are
true regarding the normal distribution
curve?

(a) it is symmetrical and bell shaped
curve

(b) it is asymptotic in that each end
approaches the horizontal axis but
never reaches it

(c) its mean, median and mode are
located at the same point

(d) all of the above statements are true.

14.  Which of the following cannot generate a
Poisson distribution?

(a) The number of telephone calls
received in a ten-minute interval

(b) The number of customers arriving at
a petrol station

(c) The number of bacteria found in a
cubic feet of soil

(d) The number of misprints per page

15. The random variable X is normally
distributed with a mean of 70 and a
standard deviation of 10. What is the
probability that X is between 72 and 84?
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16.

17.

18.

19.

20.

(a) 0.683 (b) 0.954
(c) 0.271 (d) 0.340

The starting annual salaries of newly
qualified chartered accountants (CAs) in
South Africa follow a normal distribution
with a mean of I1,80,000 and a standard
deviation of 310,000. What is the
probability that a randomly selected
newly qualified CA will earn between
%1,65,000 and 1,75,000 per annum?

(a) 0.819 (b) 0.242
(c) 0.286 (d) 0.533

In a large statistics class the heights of the
students are normally distributed with a
mean of 172cm and a variance of 25cm.
What proportion of students are between
165cm and 181cm in height?

(a) 0.954 (b) 0.601
(c) 0.718 (d) 0.883

A statistical analysis of long-distance
telephone calls indicates that the length
of these calls is normally distributed with
a mean of 240 seconds and a standard
deviation of 40 seconds. What proportion
of calls lasts less than 180 seconds?

(a) 0.214 (b) 0.094

(c) 0933 (d) 0.067
Cape town is estimated to have 21%
of homes whose owners subscribe to
the satelite service, DSTV. If a random
sample of your home in taken, what is the
probability that all four home subscri